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FREE BIHOLOMORPHIC CLASSIFICATION OF NONCOMMUTATIVE DOMAINS
GELU POPESCU
Abstract. In this paper we develop a theory of free holomorphic functions on noncommutative Rein-
hardt domains Dm
f
(H) ⊂ B(H)n, generated by positive regular free holomorphic functions f in n
noncommuting variables, and by positive integers m ≥ 1, where B(H) is the algebra of all bounded
linear operators on a Hilbert space H. Noncommutative Berezin transforms are used to study Hardy
algebras H∞(Dm
f,rad
) and domain algebras A(Dm
f,rad
) associated with Dm
f
(H), and compositions of free
holomorphic functions.
We obtain noncommutative Cartan type results for formal power series, in several noncommuting in-
determinates, which leave invariant the nilpotent parts of the corresponding domains. As a consequence,
we characterize the set of all free biholomorphic functions F : Dm
f
(H)→ Dlg(H) with F (0) = 0.
We show that the free biholomorphic classification of the domains Dm
f
(H) is the same as the clas-
sification, up to unital completely isometric isomorphisms having completely contractive hereditary
extension, of the corresponding noncommutative domain algebras A(Dm
f,rad
). In particular, we prove
that Ψ : A(D1
f,rad
) → A(D1
g,rad
) is a unital completely isometric isomorphism if and only if there is a
free biholomorphic map ϕ ∈ Bih(D1g ,D
1
f
) such that
Ψ(χ) = χ ◦ ϕ, χ ∈ A(D1f,rad).
This implies that the noncommutative domains D1
f
(H) and D1g(H) are free biholomorphic equivalent if
and only if the domain algebras A(D1
f,rad
) and A(D1
g,rad
) are completely isometrically isomorphic. Us-
ing the interaction between the theory of functions in several complex variables and our noncommutative
theory, we provide several results concerning the free biholomorphic classification of the noncommuta-
tive domains Dm
f
(H) and the classification, up to completely isometric isomorphisms, of the associated
noncommutative domain (resp. Hardy) algebras. In particular, we characterize the unit ball of B(H)n
among the noncommutative domains Dm
f
(H), up to free biholomorphisms. We also obtain characteri-
zations for the unitarily implemented isomorphisms of noncommutative Hardy (resp. domain) algebras
in terms of free biholomorphic functions between the corresponding noncommutative domains.
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Introduction
In recent years, we have developed a noncommutative analytic function theory on the open unit ball
[B(H)n]1 := {(X1, . . . , Xn) ∈ B(H)n : ‖X1X∗1 + · · ·+XnX∗n‖ < 1},
where B(H) is the algebra of all bounded linear operators on a Hilbert space H. We showed that several
classical results from complex analysis and hyperbolic geometry have free analogues in this noncommu-
tative multivariable setting (see [23], [25], [26], [27], [28], [30], [31]). Related to our work, we mention
the papers [7], [9], [14], [15], [35], and [36], where several aspects of the theory of noncommutative an-
alytic functions are considered in various settings. Some of the results concerning the noncommutative
analytic function theory on the open unit ball [B(H)n]1 were extended (see Chapter 2 from [29]) to free
holomorphic functions on the interiors of noncommutative ball-like domains
D1p(H) := {X := (X1, . . . , Xn) ∈ B(H)n : Φp,X(I) ≤ I},
where Φp,X(Y ) :=
∑∞
k=1
∑
|α|=k aαXαY X
∗
α for Y ∈ B(H), and p =
∑∞
k=1
∑
|α|=k aαXα is a positive
regular noncommutative polynomial, i.e., its coefficients are positive scalars and aα > 0 if α ∈ F+n with
|α| = 1. Here, F+n is the unital free semigroup on n generators g1, . . . , gn and the identity g0. The length
of α ∈ F+n is defined by |α| := 0 if α = g0 and |α| := k if α = gi1 · · · gik , where i1, . . . , ik ∈ {1, . . . , n}. If
X := (X1, . . . , Xn) ∈ B(H)n we denote Xα := Xi1 · · ·Xik and Xg0 := IH.
In [24], we studied more general noncommutative domains
Dmp (H) :=
{
X := (X1, . . . , Xn) ∈ B(H)n : (id− Φp,X)k(I) ≥ 0 for 1 ≤ k ≤ m
}
,
where m ≥ 1. We showed that each such a domain has a universal model (W1, . . . ,Wn) of weighted
creation operators acting on the full Fock space F 2(Hn) with n generators. The study of D
m
p (H) is
close related to the study of the weighted shifts W1, . . . ,Wn, their joint invariant subspaces, and the
representations of the algebras they generate: the domain algebra An(Dmp ), the Hardy algebra F∞n (Dmp ),
and the C∗-algebra C∗(W1, . . . ,Wn).
The present paper is an attempt to develop a noncommutative analytic function theory on the radial
parts
Dmp,rad(H) :=
⋃
0≤r<1
rDmp (H)
of noncommutative starlike domains Dmp (H), i.e., satisfying the condition rDmp (H) ⊂ Dmp (H) for any
r ∈ [0, 1). We mention that D1p(H) is always a starlike domain and D1p,rad(H) is equal to the interior of
D1p(H). We also remark that if q = X1 + · · · +Xn and m ≥ 1, then Dmq (H) is a starlike domain which
coincides with the set of all row contractions (X1, . . . , Xn) ∈ [B(H)n]−1 satisfying the positivity condition
m∑
k=0
(−1)k
(
m
k
) ∑
|α|=k
XαX
∗
α ≥ 0.
The elements of the domain Dmq (H) can be seen as multivariable noncommutative analogues of Agler’s
m-hypercontractions [1]. In this case, we also have that Dmq,rad(H) is the interior of Dmq (H).
We introduce the class of free holomorphic functions on the noncommutative radial domain Dmp,rad,
m ≥ 1. A formal power series F :=∑α∈F+n cαZα, cα ∈ C, in n noncommuting indeterminates Z1, . . . , Zn
is called free holomorphic function (with scalar coefficients) on the noncommutative domain Dmp,rad if its
representation on any Hilbert space H, i.e., the map F : Dmp,rad(H)→ B(H) given by
F (X1, . . . , Xn) :=
∞∑
k=0
∑
|α|=k
cαXα, (X1, . . . , Xn) ∈ Dmp,rad(H),
is well-defined in the operator norm topology. The map F is called free holomorphic function onDmp,rad(H).
We remark that if m = 1 and p = X1 + · · · + Xn, then our definition coincides with the one for free
holomorphic functions (see [23]) on the open unit ball of B(H)n.
There is an important connection between the theory of free holomorphic functions on noncom-
mutative domains Dmp,rad(H) and the theory of holomorphic functions on the corresponding domains
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Int(Dmp (C
s)) ⊂ Cns2 , s ∈ N, where Int denotes the interior. This is due to the fact that the representa-
tion of any free holomorphic function on a finite dimensional space (H = Cs) is a holomorphic function
in the classical sense. This connection will allow us to use the theory of functions in several complex
variables ([12], [32], [34]) and our noncommutative theory in our attempt to classify the domains Dmp (H)
and the corresponding noncommutative domain (resp. Hardy) algebras (see Theorem 4.3, Theorem 4.8,
and Corollary 4.9). As in the case of biholomorphic maps between domains in Cn, n > 1, (see [11], [32]),
we expect a great deal of rigidity for free biholomorphic functions between noncommutative domains.
In Section 1, we recall basic facts concerning the noncommutative Berezin transforms ([24]) associated
with noncommutative domains Dmp (H), m ≥ 1, and characterize the algebra HolE(Dmp,rad) of all free
holomorphic functions on Dmp,rad, with operator-valued coefficients in B(E).
In Section 2, we introduce the Hardy algebraH∞(Dmp,rad) and the domain algebra A(D
m
p,rad) associated
with the noncommutative domain Dmp,rad, m ≥ 1. Let H∞(Dmp,rad) denote the set of all elements ϕ
in Hol(Dmp,rad) such that ‖ϕ‖∞ := sup ‖ϕ(X)‖ < ∞, where the supremum is taken over all n-tuples
X ∈ Dmp,rad(H) andH is a separable infinite dimensional Hilbert space. We denote by A(Dmp,rad) the set of
all ϕ in Hol(Dmp,rad) such that the mappingD
m
p,rad(H) ∋ X 7→ ϕ(X) ∈ B(H) has a continuous extension to
[Dmp,rad(H)]− = Dmp (H). It turns out thatH∞(Dmp,rad) andA(Dmp,rad) are Banach algebras under pointwise
multiplication and the norm ‖ · ‖∞. Using noncommutative Berezin transforms ([24]), we identify the
noncommutative algebra F∞n (D
m
p ) and the algebra An(Dmp ) with the Hardy algebra H∞(Dmp,rad) and
the domain algebra A(Dmp,rad), respectively (see Theorem 2.1 and Theorem 2.2). We recall ([24]) that the
Banach algebra F∞n (D
m
p ) is the sequential WOT-(resp. w*-)closure of all polynomials in W1, . . . ,Wn,
and the identity, while An(Dmp ) is the norm closed algebra generated by the same operators. Hardy
algebras of bounded free holomorphic functions with operator-valued coefficients are also discussed.
In Section 3, we present several results concerning the composition of free holomorphic functions on
noncommutative domains Dmp,rad. These results are used, throughout this paper, to study free biholomor-
phic functions. Let p and g be positive regular noncommutative polynomials with n and q indeterminates,
respectively, and let m, l ≥ 1. A map F : Dmp (H)→ Dlg(H) is called free biholomorphic function if F is a
homeomorphism in the operator norm topology and F |Dm
p,rad(H)
and F−1|
D
l
g,rad(H)
are free homolorphic
functions. In this case, the domains Dmp (H) and Dlg(H) are called free biholomorphic equivalent.
In Section 4, we obtain a noncommutative Cartan ([5]) type result (see Theorem 4.5) characterizing
the set Bih0(D
m
p ,D
l
g) of all free biholomorphic functions F : D
m
p (H) → Dlg(H) with F (0) = 0. Several
consequences concerning the biholomorphic classification of noncommutative domains are obtained. In
particular, we characterize the unit ball of B(H)n among the noncommutative domains Dmp (H), up to
free biholomorphisms.
In Section 5, we present the main result of this paper (see Theorem 5.1) which shows that the free
biholomorphic classification of the noncommutative starlike domains Dmp (H) ⊂ B(H)n, generated by
positive regular noncommutative polynomials p and positive integers m ≥ 1, is the same as the clas-
sification, up to unital completely isometric isomorphisms having completely contractive hereditary ex-
tension, of the corresponding noncommutative domain algebras An(Dmp ) ≃ A(Dmp,rad). We show that
Ψ : A(Dmp,rad) → A(Dlg,rad) is a unital completely isometric isomorphism having completely contractive
hereditary extension if and only if there is a free biholomorphic map ϕ ∈ Bih(Dlg,Dmp ) such that
Ψ(χ) = χ ◦ ϕ, χ ∈ A(Dmp,rad).
In particular, we prove that the noncommutative domains D1p(H) and D1g(H) are free biholomorphic
equivalent if and only if the domain algebrasAn(D1p) andAq(D1g) are completely isometrically isomorphic.
We mention that if m = l = 1 and p = g = X1 + · · · + Xn, we recover (with a different proof) the
corresponding result from [30]. In the particular case when n = m = l = 1 and p = g = X , we obtain
the well-known result ([10]) that the automorphisms of the disc algebra A(D), of all bounded analytic
functions on the open unit disc D := {z ∈ C : |z| < 1} with continuous extensions to the closed disc, are
the maps Θτ (ϕ) = ϕ ◦ τ , ϕ ∈ A(D), where τ is a conformal automorphism of the unit disc D.
Combining the main result of this paper with the Cartan type results from Section 4, we obtain a
characterization of all isomorphisms Ψ : A(Dmp,rad)→ A(Dlg,rad) with ϕ(0) = 0. We mention that, in the
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particular case when m = l = 1, our result strengthens and provides a converse of the main result of
Arias and Latre´molie`re (see Theorem 3.18 from [2]), who proved that if there is a completely isometric
isomorphism between two noncommutative domain algebras An(D1p) and An(D1g) whose dual map fixes
the origin, then the algebras are related by a linear relation of their generators.
In Section 6, we characterize the unitarily implemented isomorphisms between noncommutative Hardy
algebras H∞(Dmp,rad) and H
∞(Dlg,rad) in terms of free biholomorphic functions between the correspond-
ing noncommutative domains. Similar results are deduced for noncommutative domain algebras. In
particular, when m = 1, we prove that the group Autu(An(D1p))) of all unitarily implemented auto-
morphisms of the noncommutative domain algebra An(D1p) is isomorphic to the group Autw(D1p) of all
free biholomorphic functions ϕ ∈ Aut(D1p) with the property that the model boundary function ϕ˜ is a
pure n-tuple, i.e., SOT- limk→∞ Φ
k
p,ϕ˜(I) = 0, with rank [I − Φp,ϕ˜(I)] = 1 and the characteristic function
Θϕ˜ = 0.
We should mention that the results of this paper are presented in a more general setting, namely,
when the polynomials p and g are replaced by positive regular free holomorphic functions on open balls
[B(H)n]γ , γ > 0.
1. Free holomorphic functions on noncommutative Reinhardt domains
We begin by setting up the notation and by recalling some basic facts concerning the noncommutative
Berezin transforms associated with noncommutative domains Dmf (H), m ≥ 1. We characterize the
algebra of all free holomorphic functions on Dmf,rad, with operator-valued coefficients, and discuss the
connection between the theory of free holomorphic functions on noncommutative domains Dmf,rad and the
theory of holomorphic functions on domains in Cd.
Let f :=
∑
α∈F+n
aαXα, aα ∈ C, be a free holomorphic function on a ball [B(H)n]γ for some γ > 0.
As shown in [23], this condition is equivalent to
lim sup
k→∞
∑
|α|=k
|aα|2
1/2k <∞.
Throughout this paper, we assume that aα ≥ 0 for any α ∈ F+n , ag0 = 0, and agi > 0, i = 1, . . . , n. A
function f satisfying all these conditions on the coefficients is called a positive regular free holomorphic
function. We denote by id the identity map acting on the algebra of all bounded linear operators
an a Hilbert space. Given m,n ∈ N := {1, 2, . . .} and a positive regular free holomorphic function
f :=
∑
α∈F+n ,|α|≥1
aαXα, we define the noncommutative domain
Dmf (H) :=
{
X := (X1, . . . , Xn) ∈ B(H)n : (id− Φf,X)k(I) ≥ 0 for 1 ≤ k ≤ m
}
,
where Φf,X : B(H) → B(H) is defined by Φf,X(Y ) :=
∑∞
k=1
∑
|α|=k aαXαY X
∗
α, Y ∈ B(H), and the
convergence is in the week operator topology. Dmf (H) can be seen as a noncommutative Reinhardt
domain, i.e., (eiθ1X1, . . . , e
iθnXn) ∈ Dmf (H) for any (X1, . . . , Xn) ∈ Dmf (H) and θ1, . . . , θn ∈ R. We say
that Φf,X is power bounded if there exists a constant M > 0 such that ‖Φkf,X‖ ≤ M for any k ∈ N. In
particular, this is the case if Φf,X(I) ≤ I. We recall (see [24], Lemma 1.4) the following result. If Φf,X
is a power bounded positive map and m ∈ N, then
(id− Φf,X)m(I) ≥ 0 if and only if (id− Φf,X)k(I) ≥ 0, k = 1, 2, . . . ,m.
Note that if (X1, . . . , Xn) ∈ Dmf (H) then
(1.1) ‖X1X∗1 + · · ·+XnX∗n‖ ≤
1
min{aα : |α| = 1} .
Indeed, since Φf,X(I) ≤ I and aα ≥ 0, we deduce that
min{aα : |α| = 1}(X1X∗1 + · · ·+XnX∗n) ≤
∑
|α|≥1
aαXαX
∗
α ≤ I.
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Throughout this paper, unless otherwise specified, we assume that H is a separable infinite dimen-
sional Hilbert space and Dmf (H) is a closed (in the operator norm topology) starlike domain, i.e.,
(rX1, . . . , rXn) ∈ Dmf (H) for any n-tuple (X1, . . . , Xn) ∈ Dmf (H) and r ∈ [0, 1). In particular, Dmf (H) is
path connected to 0. Note that if m = 1, then D1f (H) is always a closed starlike domain. This case was
extensively studied in [29]. When m ≥ 2, we point out the following class of noncommutative starlike
domains.
Example 1.1. ([24]) If p(X1, . . . , Xn) := a1X1 + · · · + anXn, ai > 0, then Dmp (H), m ∈ N, is a closed
starlike domain.
Now, we recall ( [24], [29]) a few facts concerning the noncommutative Berezin transforms associated
with noncommutative domains Dmf (H), m ≥ 1. Let Hn be an n-dimensional complex Hilbert space with
orthonormal basis e1, e2, . . . , en, where n ∈ N, or n =∞. Consider the full Fock space of Hn defined by
F 2(Hn) := C1⊕
⊕
k≥1
H⊗kn ,
where H⊗kn is the (Hilbert) tensor product of k copies of Hn. We denote eα := ei1 ⊗ · · · ⊗ eik if
α = gi1 · · · gik ∈ F+n , where i1, . . . , ik ∈ {1, . . . , n}, and eg0 := 1. Note that {eα}α∈F+n is an orthonormal
basis for F 2(Hn). Define the left creation operators Si, i = 1, . . . , n, acting on F
2(Hn) by setting
Siϕ := ei ⊗ ϕ, ϕ ∈ F 2(Hn).
Let Di : F
2(Hn)→ F 2(Hn), i = 1, . . . , n, be the diagonal operators given by
Dieα :=
√√√√b(m)α
b
(m)
giα
eα, α ∈ F+n ,
where
(1.2) b(m)g0 := 1 and b
(m)
α :=
|α|∑
j=1
∑
γ1···γj=α
|γ1|≥1,...,|γj |≥1
aγ1 · · ·aγj
(
j +m− 1
m− 1
)
if α ∈ F+n , |α| ≥ 1.
Since agi > 0, Lemma 1.2 from [24] implies
b(m)giα ≥
∑
γσ=giα
σ∈F
+
n ,|γ|≥1
b(m)σ aγ ≥ agib(m)α , i = 1, . . . , n,
and, consequently,
‖Di‖ = sup
α∈F+n
√√√√b(m)α
b
(m)
giα
≤ 1√
agi
, i = 1, . . . , n.
We define the weighted left creation operators Wi : F
2(Hn) → F 2(Hn), i = 1, . . . , n, associated with
the noncommutative domain Dmf by setting Wi := SiDi, where S1, . . . , Sn are the left creation operators
on the full Fock space F 2(Hn). Note that
(1.3) Wieα =
√
b
(m)
α√
b
(m)
giα
egiα, α ∈ F+n ,
where the coefficients b
(m)
α , α ∈ F+n , are given by relation (1.2). When necessary, we denote the weighted
left creation operators (W1, . . . ,Wn) associated with D
m
f by (W
(f)
1 , . . . ,W
(f)
n ). Using relation (1.3), one
can easily see that
(1.4) Wβeγ =
√
b
(m)
γ√
b
(m)
βγ
eβγ and W
∗
β eα =

√
b
(m)
γ√
b
(m)
α
eγ if α = βγ
0 otherwise
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for any α, β ∈ F+n . According to Theorem 1.3 from [24], the weighted left creation operators W1, . . . ,Wn
associated with Dmf have the following properties:
(i)
∑∞
k=1
∑
|β|=k aβWβW
∗
β ≤ I, where the convergence is in the strong operator topology;
(ii) (id− Φf,W )m (I) = PC, where PC is the orthogonal projection from F 2(Hn) onto C1 ⊂ F 2(Hn),
and lim
p→∞
Φpf,W (I) = 0 in the strong operator topology.
Consequently, we deduce that (W1, . . . ,Wn) ∈ Dmf (F 2(Hn)). In [24], we proved that the n-tuple
(W1, . . . ,Wn) plays the role of universal model for the noncommutative domain D
m
f . We also intro-
duced ([29], [24]) the domain algebra An(Dmf ) associated with the noncommutative domain Dmf to be
the norm closure of all polynomials in W1, . . . ,Wn, and the identity.
Following [19], [20], the noncommutative Hardy algebra F∞n (D
m
f ) was defined ([29], [24]) as follows.
Let ϕ(W1, . . . ,Wn) =
∑
β∈F+n
cβWβ be a formal Fourier representation such that
∑
β∈F+n
|cβ |2 1
b
(m)
β
< ∞,
where the coefficients b
(m)
β , β ∈ F+n , are given by relation (1.2). Then
∑
β∈F+n
cβWβ(p) ∈ F 2(Hn) for any
p ∈ P , where P is the set of all polynomial in F 2(Hn). If, in addition,
sup
p∈P,‖p‖≤1
∥∥∥∥∥∥
∑
β∈F+n
cβWβ(p)
∥∥∥∥∥∥ <∞,
then there is a unique bounded operator acting on F 2(Hn), which we denote also by ϕ(W1, . . . ,Wn),
such that
ϕ(W1, . . . ,Wn)p =
∑
β∈F+n
cβWβ(p), p ∈ P .
The set of all operators ϕ(W1, . . . ,Wn) ∈ B(F 2(Hn)) satisfying the above-mentioned properties is denoted
by F∞n (D
m
f ). We proved in [24] that the Banach algebra F
∞
n (D
m
f ) ⊂ B(F 2(Hn)) is the sequential SOT-
(resp. WOT-, w∗-) closure of all polynomials in W1, . . . ,Wn, and the identity.
In the particular case when m = 1 and q = X1 + · · · + Xn, the algebras An(D1q) and F∞n (D1q)
coincide with the noncommutative disc algebra An and the noncommutative analytic Toeplitz algebra
F∞n , respectively, which were introduced in [19](see also [20], [21]) in connection with a noncommutative
von Neumann type inequality and have been extensively studied in the last two decades. For the classical
von Neumann inequality we refer the reader to [37], [33], [17], and [16].
The joint spectral radius of an n-tuple T := (T1, . . . , Tn) ∈ Dmf (H) is defined by
rf (T1, . . . , Tn) := lim
k→∞
‖Φkf,T (I)‖1/2k,
where Φf,X : B(H) → B(H) is given by Φf,X(Y ) :=
∑∞
k=1
∑
|α|=k aαXαY X
∗
α, Y ∈ B(H). For each
T := (T1, . . . , Tn) ∈ Dmf (H) with rf (T1, . . . , Tn) < 1, we introduced (see [24]) the noncommutative
Berezin transform at T as the map BT : B(F
2(Hn))→ B(H) defined by
〈BT [g]x, y〉 :=
〈I − ∑
|α|≥1
aα˜Λ
∗
α ⊗ Tα˜
−m (g ⊗∆2f,m,T )
I − ∑
|α|≥1
aα˜Λα ⊗ T ∗α˜
−m (1⊗ x), 1 ⊗ y〉
where g ∈ B(F 2(Hn)), ∆f,m,T := [(id − Φf,T )m(I)]1/2 and x, y ∈ H. We should add that the n-tuple
(Λ1, . . . ,Λn) is the universal model associated with the noncommutative domain D
m
f˜
, where f˜ =
∑
aα˜Zα
and α˜ := gik · · · gi1 denotes the reverse of α = gi1 · · · gik ∈ F+n . We remark that in the particular case
when n = 1, m = 1, f = Z, H = C, and T = λ ∈ D, we recover the Berezin transform [3] of a bounded
linear operator on the Hardy space H2(D), i.e.,
Bλ[g] = (1− |λ|2) 〈gkλ, kλ〉 , g ∈ B(H2(D)),
where kλ(z) := (1− λz)−1 and z, λ ∈ D. The noncommutative Berezin transform will play an important
role in this paper.
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The extended noncommutative Berezin transform B˜T at T ∈ Dmf (H) is defined by
(1.5) B˜T [g] := K
(m)
f,T
∗
(g ⊗ IH)K(m)f,T , g ∈ B(F 2(Hn)),
where the noncommutative Berezin kernel K
(m)
f,T : H → F 2(Hn)⊗∆f,m,T (H) is given by
K
(m)
f,T h =
∑
α∈F+n
√
b
(m)
α eα ⊗∆f,m,TT ∗αh, h ∈ H.
We recall that the noncommutative Berezin transforms B˜T and BT coincide for any n-tuple of operators
T := (T1, . . . , Tn) ∈ Dmf (H) with joint spectral radius rf (T1, . . . , Tn) < 1. In the particular case when
m = 1 and f = X1 + · · · + Xn, the extended Berezin transform coincides with the noncommutative
Poisson transform (see [21], [22]).
Let T := (T1, . . . , Tn) be an n-tuple of operators in the noncommutative starlike domainD
m
f (H) and let
S := span{WαW ∗β ; α, β ∈ F+n }. Then there is a unital completely contractive linear map BT : S → B(H),
called the noncommutative Berezin transform at T on the operator system S, such that
(1.6) BT (g) = lim
r→1
BrT [g], g ∈ S,
where the limit exists in the operator norm topology of B(H), and
BT (WαW ∗β ) = TαT ∗β , α, β ∈ F+n .
In particular, we have the following von Neumann type inequality:
(1.7)
∥∥∥∥∥∥
∑
α,β∈Λ
TαT
∗
β ⊗ Cα,β
∥∥∥∥∥∥ ≤
∥∥∥∥∥∥
∑
α,β∈Λ
WαW
∗
β ⊗ Cα,β
∥∥∥∥∥∥
for any finite set Λ ⊂ F+n and Cα,β ∈ B(E), where E is a Hilbert space. Moreover, the restriction of BT
to the domain algebra An(Dmf ) is a completely contractive homomorphism.
After these preliminaries on noncommutative Berezin transforms, we are ready to introduce the class
of free holomorphic functions on the noncommutative radial domain Dmf,rad, with operator-valued coeffi-
cients.
For 0 < r < 1, we define the domain Dmf,r(H) ⊂ B(H)n by setting
Dmf,r(H) :=
{
(Y1, . . . , Yn) ∈ B(H)n :
(
1
r
Y1, . . . ,
1
r
Yn
)
∈ Dmf (H)
}
= rDmf (H).
Since Dmf (H) is a starlike domain, we have Dmf,r(H) ⊂ Dmf (H) for any r ∈ [0, 1). Consider the radial
domain
Dmf,rad(H) :=
⋃
0≤r<1
Dmf,r(H) =
⋃
0≤r<1
rDmf (H).
Since, throughout the paper, Dmf (H) is assumed to be closed in the operator norm topology, we have
Dmf,rad(H)− = Dmf (H). Note that the interior of Dmf (H), which we denote by Int(Dmf (H)), is a subset
of Dmf,rad(H). In particular, if q is any positive regular noncommutative polynomial, then
Int(D1q(H)) = D1q,rad(H) and Int(D1q(H)) = D1q(H).
A similar result holds, for example, for the domains Dmf (H) if m ≥ 1 and f =
∑n
i=1 aiXi with ai > 0.
Let E be a separable Hilbert space. A formal power series G :=∑α∈F+n Zα⊗C(α), where C(α) ∈ B(E),
is called free holomorphic function on the noncommutative domain Dmf,rad, with coefficients in B(E), if
its representation on any Hilbert space H, i.e., the mapping G : Dmf,rad(H)→ B(H)⊗¯minB(E) given by
G(X1, . . . , Xn) :=
∞∑
k=0
∑
|α|=k
Xα ⊗ C(α), (X1, . . . , Xn) ∈ Dmf,rad(H),
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is well-defined in the operator norm topology. The map G is called free holomorphic function on
Dmf,rad(H). We remark that if m = 1 and f = X1 + · · · + Xn, then our definition coincides with
the one for free holomorphic functions (see [23]) on the open unit ball of B(H)n.
Our first result is the following characterization of free holomorphic functions on the noncommutative
domain Dmf,rad, with operator-valued coefficients.
Theorem 1.2. Let G(Z1, . . . , Zn) :=
∑
α∈F+n
Zα ⊗ C(α) be a formal power series with operator-valued
coefficients C(α) ∈ B(E), and let H be a separable infinite dimensional Hilbert space. Then the following
statements are equivalent:
(i) G is a free holomorphic function on the noncommutative domain Dmf,rad.
(ii) For any r ∈ [0, 1), the series
G(rW1, . . . , rWn) :=
∞∑
k=0
∑
|α|=k
r|α|Wα ⊗ C(α)
is convergent in the operator norm topology, where (W1, . . . ,Wn) is the universal model associated
with the noncommutative domain Dmf .
(iii) The inequality
lim sup
k→∞
∥∥∥∥∥∥
∑
|α|=k
1
b
(m)
α
C∗(α)C(α)
∥∥∥∥∥∥
1
2k
≤ 1,
holds, where the coefficients b
(m)
α are given by relation (1.2).
(iv) For any r ∈ [0, 1), the series ∑∞k=0 ∥∥∥∑|α|=k r|α|Wα ⊗ C(α)∥∥∥ is convergent.
(v) For any (X1, . . . , Xn) ∈ Dmf,rad(H), the series
∑∞
k=0
∥∥∥∑|α|=kXα ⊗ C(α)∥∥∥ is convergent.
Proof. Since (W1, . . . ,Wn) ∈ Dmf (F 2(Hn)), the implication (i) =⇒ (ii) is obvious. To prove that
(ii) =⇒ (iii), we assume that
lim sup
k→∞
∥∥∥∥∥∥
∑
|α|=k
1
b
(m)
α
C∗(α)C(α)
∥∥∥∥∥∥
1
2k
> γ > 1.
Then there is k as large as necessary such that
∥∥∥∑|α|=k 1b(m)α C∗(α)C(α)∥∥∥ > γ2k. Let r be such that
1
γ < r < 1 and let h ∈ E . Note that, using relation (1.4), we have∥∥∥∥∥∥
∑
|β|=k
r|β|Wβ(1)⊗ C(β)h
∥∥∥∥∥∥ =
∥∥∥∥∥∥
∑
|β|=k
r|β|
1√
b
(m)
β
eβ ⊗ C(β)h
∥∥∥∥∥∥
=
r2k 〈∑
|β|=k
1
b
(m)
β
C∗(β)C(β)h, h
〉1/2 .
Hence, we deduce that∥∥∥∥∥∥
∑
|β|=k
r|β|Wβ ⊗ C(β)
∥∥∥∥∥∥ ≥ rk
∥∥∥∥∥∥
∑
|α|=k
1
b
(m)
α
C∗(α)C(α)
∥∥∥∥∥∥
1/2
> (rγ)k.
Since rγ > 1, the series
∞∑
k=0
∑
|β|=k
r|β|Wβ ⊗ C(β) is divergent in the operator norm topology.
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Now we prove that (iii) =⇒ (iv). Assume that item (iii) holds and let 0 < r < ρ < 1. Then, we can
find m0 ∈ N such that
(1.8)
∥∥∥∥∥∥
∑
|α|=k
1
b
(m)
α
C∗(α)C(α)
∥∥∥∥∥∥ <
(
1
ρ
)2k
for any k ≥ m0.
According to Lemma 1.1 from [24] and relation (1.4), the operators {Wβ}|β|=k have orthogonal ranges
and
‖Wβx‖ ≤ 1√
b
(m)
β
M|β|,m‖x‖, x ∈ F 2(Hn),
where M|β|,m :=
(|β|+m− 1
m− 1
)
. Consequently, we have∥∥∥∥∥∥
∑
|β|=k
b
(m)
β WβW
∗
β
∥∥∥∥∥∥ ≤
(
k +m− 1
m− 1
)
for any k = 0, 1, . . . .
Hence, and using relation (1.8), we deduce that
∞∑
k=0
rk
∥∥∥∥∥∥
∑
|β|=k
Wβ ⊗ C(β)
∥∥∥∥∥∥ ≤
∞∑
k=0
rk
∥∥∥∥∥∥
∑
|β|=k
1
b
(m)
β
C∗(β)C(β)
∥∥∥∥∥∥
1/2 ∥∥∥∥∥∥
∑
|β|=k
b
(m)
β WβW
∗
β
∥∥∥∥∥∥
1/2
≤
∞∑
k=0
∥∥∥∥∥∥
∑
|β|=k
1
b
(m)
β
C∗(β)C(β)
∥∥∥∥∥∥
1/2
rk
(
k +m− 1
m− 1
)1/2
≤
∞∑
k=0
(
r
ρ
)k (
k +m− 1
m− 1
)1/2
<∞,
which proves (iv). Since the implication (v) =⇒ (i) is obvious, it remains to prove that (iv) =⇒ (v).
To this end, assume that item (iv) holds and let (X1 . . . , Xn) ∈ Dmf,rad(H). Then there exists r ∈ (0, 1)
such that (1rX1, . . . ,
1
rXn) ∈ Dmf (H) and, using the noncommutative von Neumann inequality (1.7), we
deduce that ∥∥∥∥∥∥
∑
|α|=k
Xα ⊗ C(α)
∥∥∥∥∥∥ ≤
∥∥∥∥∥∥
∑
|α|=k
r|α|Wα ⊗ C(α)
∥∥∥∥∥∥ .
Hence, the series
∞∑
k=0
∥∥∥∥∥ ∑|α|=kXα ⊗ C(α)
∥∥∥∥∥ is convergent and, therefore, item (v) holds. The proof is complete.

We remark that the coefficients of a free holomorphic function are uniquely determined by its repre-
sentation on an infinite dimensional Hilbert space. Indeed, let F : Dmf,rad(H) → B(H)⊗¯minB(E) be a
free holomorphic function on Dmf,rad(H) with coefficients A(α) ∈ B(E), α ∈ F+n . That is
F (X1, . . . , Xn) =
∞∑
k=0
∑
|α|=k
Xα ⊗A(α),
where the series converges in the operator norm topology for any (X1, . . . , Xn) ∈ Dmf,rad(H). Let 0 < r < 1
and assume that F (rW1, . . . , rWn) = 0. Taking into account relation (1.4), we have
〈F (rW1, . . . , rWn)(1⊗ x), (Wα ⊗ IE )(1⊗ y)〉 = r
|α|
b
(m)
α
〈
A(α)x, y
〉
= 0
for any x, y ∈ E and α ∈ F+n . Therefore A(α) = 0 for any α ∈ F+n , which proves our assertion. Due to
this reason, throughout this paper, we assume that H is a separable infinite dimensional Hilbert space.
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Let G(X1, . . . , Xn) :=
∑∞
k=0
∑
|α|=kXα ⊗ C(α) be a free holomorphic function on Dmf,rad(H) with
coefficients in B(E). Note that if 0 < r1 < r2 < 1, then Dmf,r1(H) ⊆ Dmf,r2(H) and
(1.9) ‖Gr1(W1, . . . ,Wn)‖ ≤ ‖Gr2(W1, . . . ,Wn)‖,
where Gr(W1, . . . ,Wn) :=
∑∞
k=0
∑
|α|=k r
|α|Wα ⊗ C(α), 0 ≤ r < 1, is convergent in the operator
norm topology. Indeed, since ϕ(W1, . . . ,Wn) :=
∑∞
k=0
∑
|α|=k r
|α|
2 Wα ⊗ C(α) is in the tensor algebra
An(Dmf )⊗¯minB(E) and (rW1, . . . , rWn) ∈ Dmf (F 2(Hn)), the noncommutative von Neumann inequality
(1.7) implies
‖ϕ(rW1, . . . , rWn)‖ ≤ ‖ϕ(W1, . . . ,Wn)‖, r ∈ [0, 1).
Taking r := r1r2 in the latter inequality, our assertion follows.
We also remark that, for each r ∈ [0, 1), the map G : Dmf,r(H) → B(H) ⊗min B(E) defined by
G(X1, . . . , Xn) :=
∑∞
k=0
∑
|α|=kXα ⊗ C(α) is continuous in the operator norm topology and
(1.10) ‖G(X1, . . . , Xn)‖ ≤ ‖G(rW1, . . . , rWn)‖, (X1, . . . , Xn) ∈ Dmf,r(H).
Moreover, the series defining G converges uniformly on Dmf,r(H) in the same topology. Indeed, since
Gr(W1, . . . ,Wn) ∈ An(Dmf )⊗¯minB(E) and
(
1
rX1, . . . ,
1
rXn
) ∈ Dradf (H), and using again the noncommu-
tative von Neumann inequality (1.7), we obtain
(1.11) ‖G(X1, . . . , Xn)‖ =
∥∥∥∥Gr (1rX1, . . . , 1rXn
)∥∥∥∥ ≤ ‖Gr(W1, . . . ,Wn)‖
and
∞∑
k=0
∥∥∥∥∥∥
∑
|α|=k
Xα ⊗ C(α)
∥∥∥∥∥∥ ≤
∞∑
k=0
∥∥∥∥∥∥
∑
|α|=k
r|α|Wα ⊗ C(α)
∥∥∥∥∥∥
for any (X1, . . . , Xn) ∈ Dmf,r(H). This clearly implies our assertion.
As in the particular case m = 1 (see [29]), there is an important connection between the theory of
free holomorphic functions on noncommutative domains Dmf,rad, m ≥ 1, and the theory of holomorphic
functions on domains in Cd([12]).
Indeed, consider the case when H = Cp and p = 1, 2 . . . . Then Dmf (Cp) can be seen as a subset of
Cnp
2
with an arbitrary norm. We denote by Int(Dmf (C
p)) the interior of the closed set Dmf (C
p). Note
that Int(Dmf (C
p)) are circular domains, i.e., (eiθΛ1, . . . , e
iθΛn) ∈ Int(Dmf (Cp)) for any (Λ1, . . .Λn) ∈
Int(Dmf (C
p)) and θ ∈ R. In the particular case when p = 1, the interior Int(Dmf (C)) is a Reinhardt
domain, i.e., (eiθ1λ1, . . . , e
iθnλn) ∈ Int(Dmf (C)) for any (λ1, . . . λn) ∈ Int(Dmf (C)) and θ1, . . . θn ∈ R.
IfK is a compact subset in the interior ofDmf (C
p), then there exists r ∈ (0, 1) such thatK ⊂ Dmf,r(Cp).
Given a free holomorphic function onDmf,rad(H) with scalar coefficients, F (X1, . . . , Xn) :=
∞∑
k=0
∑
|α|=k
cαXα,
the results above show that∥∥∥∥∥∥F (Λ1, . . . ,Λn)−
q∑
k=0
∑
|α|=k
cαΛα
∥∥∥∥∥∥ ≤
∞∑
k=q+1
∥∥∥∥∥∥
∑
|α|=k
r|α|cαWα
∥∥∥∥∥∥
for any (Λ1, . . . ,Λn) ∈ K. Consequently,
∑q
k=0
∑
|α|=k cαΛα converges to F (Λ1, . . . ,Λn) uniformly on K,
as q →∞. Therefore, the map (Λ1, . . . ,Λn) 7→ F (Λ1, . . . ,Λn) is holomorphic on the interior of Dmf (Cp).
To record this result, let Mp denote the set of all p× p matrices with entries in C.
Corollary 1.3. If p ∈ N and F (X1, . . . , Xn) :=
∞∑
k=0
∑
|α|=k
cαXα is a free holomorphic function on
Dmf,rad(H) with scalar coefficients, then its representation on Cp, i.e., the map Fp defined by
Cnp
2 ⊃ Dmf,rad(Cp) ∋ (Λ1, . . . ,Λn) 7→ F (Λ1, . . . ,Λn) ∈Mp ⊂ Cp
2
is a holomorphic function on the interior of Dmf (C
p).
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2. Noncommutative domain algebras and Hardy algebras
We introduce the Hardy algebra H∞(Dmf,rad) and the domain algebra A(D
m
f,rad) associated with the
noncommutative domain Dmf,rad, m ≥ 1. Using noncommutative Berezin transforms, we identify them
with the noncommutative algebras F∞n (D
m
f ) and An(Dmf ), respectively. Hardy algebras of bounded free
holomorphic functions with operator-valued coefficients are also discussed.
Let us recall some definitions concerning completely bounded maps on operator spaces. We identify
Mp(B(H)), the set of p× p matrices with entries from B(H), with B(H(p)), where H(p) is the direct sum
of p copies of H. Thus we have a natural C∗-norm on Mp(B(H)). If X is an operator space, i.e., a closed
subspace of B(H), we consider Mp(X) as a subspace of Mp(B(H)) with the induced norm. Let X,Y be
operator spaces and u : X → Y be a linear map. Define the map up :Mp(X)→Mp(Y ) by
up([xij ]) := [u(xij)].
We say that u is completely bounded if ‖u‖cb := supp≥1 ‖up‖ <∞. If ‖u‖cb ≤ 1 (resp. up is an isometry
for any p ≥ 1) then u is completely contractive (resp. isometric), and if up is positive for all p, then u
is called completely positive. For more information on completely bounded maps, we refer to [16], [17],
and [8].
According to [24], if T := (T1, . . . , Tn) ∈ Dmf (H) is completely non-coisometric (c.n.c) with respect to
Dmf (H), i.e., there is no vector h ∈ H, h 6= 0, such that〈
Φkf,T (I)h, h
〉
= ‖h‖2 for any k = 1, 2, . . . ,
then
(2.1) BT (G) := SOT- lim
r→1
Gr(T1, . . . , Tn), G = G(W1, . . . ,Wn) ∈ F∞n (Dmf ),
exists in the strong operator topology and defines a map BT : F∞n (Dmf )→ B(H), called the noncommu-
tative Berezin transform at T on the Hardy algebra F∞n (D
m
f ), with the following properties:
(i) BT (G) = SOT- lim
r→1
BrT [G], where BrT is the noncommutative Berezin transform at rT ∈
Dmf (H);
(ii) BT is WOT-continuous (resp. SOT-continuous) on bounded sets;
(iii) BT is a unital completely contractive homomorphism.
We remark that if T is a pure n-tuple of operators, i.e., SOT- limp→∞Φ
p
f,T (I) = 0, then T is c.n.c. and
BT (G) = B˜T [G] = K(m)f,T
∗
(G⊗ IDf,m,T )K(m)f,T , G ∈ F∞n (Dmf ),
where Df,m,T := ∆f,m,T (H) and B˜T is the extended noncommutative Berezin transform defined by
relation (1.5). In particular, if G(W1, . . . ,Wn) :=
∑
α∈F+n
cαWα in the Hardy algebra F
∞
n (D
m
f ), then
(2.2) G(W1, . . . ,Wn) = SOT- lim
r→1
Gr(W1, . . . ,Wn),
where Gr(W1, . . . ,Wn) := BrW [G] =
∑∞
k=0
∑
|α|=k cαr
|α|Wα, and
(2.3) ‖Gr(W1, . . . ,Wn)‖ ≤ ‖G(W1, . . . ,Wn)‖, r ∈ [0, 1).
Moreover, we can prove that
(2.4) ‖G(W1, . . . ,Wn)‖ = sup
0≤r<1
‖G(rW1, . . . , rWn)‖ = lim
r→1
‖G(rW1, . . . , rWn)‖.
Indeed, if G(W1, . . . ,Wn) ∈ F∞n (Dmf )) and ǫ > 0, then there exists a polynomial q ∈ F 2(Hn) with
‖q‖ = 1 such that
‖G(W1, . . . ,Wn)q‖ > ‖G(W1, . . . ,Wn)‖ − ǫ.
By relation (2.2), there is r0 ∈ (0, 1) such that
‖Gr0(W1, . . . ,Wn)q‖ > ‖G(W1, . . . ,Wn)‖ − ǫ.
Combining this with the inequality (2.3), we obtain
sup
0≤r<1
‖G(rW1, . . . , rWn)‖ = ‖G(W1, . . . ,Wn)‖.
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Since the function [0, 1) ∋ r → ‖G(rW1, . . . , rWn)‖ ∈ R+ is increasing (see relation (1.9)), we can
complete the proof of our assertion.
Now, we are ready to introduce the noncommutative Hardy algebra H∞(Dmf,rad). We denote by
Hol(Dmf,rad) the set of all free holomorphic functions on D
m
f,rad with scalar coefficients. Due to Theorem
1.2, if G ∈ Hol(Dmf,rad), then G(rW1, . . . , rWn) is in the domain algebra An(Dmf ) for any r ∈ [0, 1).
Consequently, one can easily show that Hol(Dmf,rad) is an algebra. Let H
∞(Dmf,rad) denote the set of all
elements ϕ in Hol(Dmf,rad) such that
‖ϕ‖∞ := sup ‖ϕ(X1, . . . , Xn)‖ <∞,
where the supremum is taken over all n-tuples (X1, . . . , Xn) ∈ Dmf,rad(H) and any Hilbert space H. One
can show that H∞(Dmf,rad) is a Banach algebra under pointwise multiplication and the norm ‖ · ‖∞.
For each p = 1, 2, . . ., we define the norms ‖ · ‖p :Mp
(
H∞(Dmf,rad)
)
→ [0,∞) by setting
‖[Fij ]p‖p := sup ‖[Fij(X1, . . . , Xn)]p‖,
where the supremum is taken over all n-tuples (X1, . . . , Xn) ∈ Dmf,rad and any Hilbert space H. It is easy
to see that the norms ‖ · ‖p, p = 1, 2, . . ., determine an operator space structure on H∞(Dmf,rad), in the
sense of Ruan ([8]).
Given g ∈ F∞n (Dmf ), the noncommutative Berezin transform associated with the noncommutative
domain Dmf generates a function
B[ϕ] : Dmf,rad(H)→ B(H)
by setting
B[ϕ](X1, . . . , Xn) := BX [ϕ], X := (X1, . . . , Xn) ∈ Dmf,rad(H).
We call B[ϕ] the Berezin transform of ϕ. In what follows, we identify the noncommutative algebra
F∞n (D
m
f ) with the Hardy subalgebra H
∞(Dmf,rad) of bounded free holomorphic functions on D
m
f,rad.
Theorem 2.1. The map Φ : H∞(Dmf,rad)→ F∞n (Dmf ) defined by
Φ
∑
α∈F+n
cαZα
 := ∑
α∈F+n
cαWα
is a completely isometric isomorphism of operator algebras. Moreover, if G :=
∑
α∈F+n
cαZα is a free
holomorphic function on the noncommutative domain Dmf,rad, then the following statements are equivalent:
(i) G ∈ H∞(Dmf,rad);
(ii) sup
0≤r<1
‖G(rW1, . . . , rWn)‖ <∞, where G(rW1, . . . , rWn) :=
∑∞
k=0
∑
|α|=k cαr
|α|Wα;
(iii) there exists ϕ ∈ F∞n (Dmf ) with G = B[ϕ].
In this case,
Φ(G) = SOT- lim
r→1
G(rW1, . . . , rWn) and Φ
−1(ϕ) = B[ϕ], ϕ ∈ F∞n (Dmf ),
where B is the noncommutative Berezin transform associated with the noncommutative domain Dmf .
Proof. First we need to show that the map Φ is well-defined. Let G ∈ H∞(Dmf,rad) and let
G(X1, . . . , Xn) :=
∞∑
k=0
∑
|α|=k
cαXα, (X1, . . . , Xn) ∈ Dmf,rad(H),
be its representation on a separable infinite dimensional Hilbert space H. Since (rW1, . . . , rWn) ∈
Dmf,rad(F
2(Hn)), we have
sup
0≤r<1
‖G(rW1, . . . , rWn)‖ ≤ ‖G‖∞ <∞.
FREE BIHOLOMORPHIC CLASSIFICATION OF NONCOMMUTATIVE DOMAINS 13
Hence, taking into account relation (1.4), we deduce that
∑
α∈F+n
r2|α||cα|2 1
b
(m)
α
=
∥∥∥∥∥∥
∑
α∈F+n
r|α|cαWα(1)
∥∥∥∥∥∥
≤ sup
0≤r<1
‖G(rW1, . . . , rWn)‖ <∞
for any 0 ≤ r < 1. Consequently, ∑
α∈F+n
|cα|2 1
b
(m)
α
< ∞, which shows that G(W1, . . . ,Wn)p is in the full
Fock space F 2(Hn) for any polynomial p ∈ F 2(Hn). Now assume that G(W1, . . . ,Wn) /∈ F∞n (Dmf ).
According to the definition of F∞n (D
m
f ), for any fixed positive number M , there exists a polynomial
q ∈ F 2(Hn) with ‖q‖ = 1 such that
‖G(W1, . . . ,Wn)q‖ > M.
Since ‖Gr(W1, . . . ,Wn)(1)−G(W1, . . . ,Wn)(1)‖ → 0 as r → 1, we have
‖G(W1, . . . ,Wn)q −Gr(W1, . . . ,Wn)q‖ → 0, as r → 1.
Consequently, there is r0 ∈ (0, 1) such that ‖Gr0(W1, . . . ,Wn)q‖ > M , which implies ‖Gr0(W1, . . . ,Wn)‖ >
M. Since M > 0 is arbitrary, we deduce that
sup
0≤r<1
‖G(rW1, . . . , rWn)‖ =∞,
which is a contradiction. Therefore, G(W1, . . . ,Wn) ∈ F∞n (Dmf ), which proves that the map Φ is well-
defined. Moreover, due to relation (1.10), we have ‖G(X1, . . . , Xn)‖ ≤ ‖G(rW1, . . . , rWn)‖ for any
(X1, . . . , Xn) ∈ Dmf,r(H). Using now relation (2.4), we deduce that
‖G(W1, . . . ,Wn)‖ = sup
0≤r<1
‖G(rW1, . . . , rWn)‖ = ‖G‖∞.
Therefore, Φ is a well-defined isometric linear map. Moreover, relation (2.2), implies
Φ(G) = G(W1, . . . , Gm) = SOT- lim
r→1
Gr(W1, . . . ,Wn).
We show now that Φ is a surjective map. To this end, let ϕ :=
∑
α∈F+n
cαWα be in F
∞
n (D
m
f ). Then∑
α∈F+n
|cα|2 1
b
(m)
α
<∞, which implies
lim sup
k→∞
∑
|α|=k
|cα|2 1
b
(m)
α

1
2k
≤ 1.
Using now Theorem 1.2, we deduce that G(Z1, . . . , Zn) :=
∑
α∈F+n
cαZα is a free holomorphic function on
the noncommutative domain Dmf,rad. Due to inequalities (1.11), and (2.3), we have
‖G(X1, . . . , Xn)‖ ≤ ‖G(rW1, . . . , rWn)‖ ≤ ‖G(W1, . . . ,Wn)‖
for any (X1, . . . , Xn) ∈ Dmf,r(H) and r ∈ [0, 1). Hence, we deduce that
sup
(X1,...,Xn)∈Dmf,rad(H)
‖G(X1, . . . , Xn)‖ ≤ ‖G(W1, . . . ,Wn)‖ <∞,
which proves that G ∈ H∞(Dmf,rad). This shows that the map Φ is surjective. Therefore, we have proved
that Φ is an isometric isomorphism of operator algebras. Using the same techniques and passing to
matrices, one can prove that Φ is a completely isometric isomorphism.
Moreover, note that if X := (X1, . . . , Xn) ∈ Dmf,rad, then G(X1, . . . , Xn) =
∑∞
k=0
∑
|α|=k cαXα is con-
vergent in the operator norm topology. Due to the properties of the noncommutative Berezin transform,
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for any r ∈ [0, 1), we have
∞∑
k=0
∑
|α|=k
cαr
|α|Xα =
∞∑
k=0
BX
∑
|α|=k
cαr
|α|Wα

= BX
 ∞∑
k=0
∑
|α|=k
cαr
|α|Wα

= BX [ϕr] = K
(m)
X,f
∗
[ϕr ⊗ IH]K(m)X,f .
Recall that ‖ϕr‖ ≤ ‖ϕ‖ for any r ∈ [0, 1) and ϕ = SOT- lim
r→1
ϕr. Passing to the limit as r → 1 in the
equalities above, and using the continuity of the free holomorphic function G on Dmf,rad, we obtain
G(X1, . . . , Xn) = BX [ϕ], X := (X1, . . . , Xn) ∈ Dmf,rad.
The equivalences mentioned in the theorem can be easily deduced from the considerations above and the
properties of the noncommutative Berezin transform. The proof is complete. 
We denote by A(Dmf,rad) the set of all elements G in Hol(D
m
f,rad) such that the mapping
Dmf,rad(H) ∋ (X1, . . . , Xn) 7→ G(X1, . . . , Xn) ∈ B(H)
has a continuous extension to [Dmf,rad(H)]− = Dmf (H) for any Hilbert space H. One can show that
A(Dmf,rad) is a Banach algebra under pointwise multiplication and the norm ‖ · ‖∞. Moreover, we can
identify the domain algebra An(Dmf ) with the subalgebra A(Dmf,rad).
Theorem 2.2. The map Φ : A(Dmf,rad)→ An(Dmf ) defined by
Φ
∑
α∈F+n
cαZα
 := ∑
α∈F+n
cαWα
is a completely isometric isomorphism of operator algebras. Moreover, if G :=
∑
α∈F+n
cαZα is a free
holomorphic function on the domain Dmf,rad, then the following statements are equivalent:
(i) G ∈ A(Dmf,rad);
(ii) G(rW1, . . . , rWn) :=
∞∑
k=0
∑
|α|=k
cαr
|α|Wα is convergent in the operator norm topology as r → 1;
(iii) there exists ϕ ∈ An(Dmf ) with G = B[ϕ].
In this case,
Φ(G) = lim
r→1
G(rW1, . . . , rWn) and Φ
−1(ϕ) = B[ϕ], ϕ ∈ An(Dmf ),
where B is the noncommutative Berezin transform associated with the noncommutative domain Dmf .
Proof. Assume that G ∈ A(Dmf,rad). Since (rW1, . . . , rWn) ∈ Dmf,rad(F 2(Hn)) for r ∈ [0, 1), we deduce
that lim
r→∞
G(rW1, . . . , rWn) exists in the operator norm topology. Using the fact that G(rW1, . . . , rWn)
is in the domain algebra An(Dmf ), which is closed in the operator norm topology, we have
ϕ := lim
r→∞
G(rW1, . . . , rWn) ∈ An(Dmf ).
On the other hand, due to Theorem 2.1, we deduce that Φ(G) :=
∑
α∈Fn
cαWα is in F
∞
n (Df ) and
Φ(G) = SOT- lim
r→1
G(rW1, . . . , rWn).
Therefore, we have
Φ(G) = ϕ = lim
r→1
G(rW1, . . . , rWn) ∈ An(Dmf )
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and
G(X1, . . . , Xn) = lim
r→1
BX [G(rW1, . . . , rWn)] = BX [ϕ], X := (X1, . . . , Xn) ∈ Dmf,rad(H).
Here we used the continuity of the Berezin transform in the operator norm topology.
Now, let ϕ ∈ An(Dmf ) ⊂ F∞n (Dmf ) have the Fourier representation ϕ =
∑
α∈F+n
cαWα. Then, for any
n-tuple (Y1, . . . , Yn) ∈ Dmf (H),
(2.5) G˜(Y1, . . . , Yn) := lim
r→1
BrY [ϕ] = lim
r→1
ϕ(rY1, . . . , rYn)
exists in the operator norm and
‖G˜(Y1, . . . , Yn)‖ ≤ ‖ϕ‖ for any (Y1, . . . , Yn) ∈ Dmf (H).
Note also that G˜ is an extension of the free holomorphic function
G(X1, . . . , Xn) = BX [ϕ] =
∞∑
k=0
∑
|α|=k
cαXα, (X1, . . . , Xn) ∈ Dmf,rad(H).
Indeed, if (X1, . . . , Xn) ∈ Dmf,rad(H), then
G˜(X1, . . . , Xn) = lim
r→1
ϕ(rX1, . . . , rXn)
= lim
r→1
G(rX1, . . . , rXn) = G(X1, . . . , Xn).
The last equality is due to the fact that G is continuous on Dmf,rad(H).
Let us prove that G˜ : Dmf (H) → B(H) is a continuous map. Since ϕ ∈ An(Dmf ), for any ǫ > 0 there
exists r0 ∈ [0, 1) such that ‖ϕ − ϕ(r0W1, . . . , r0Wn)‖ < ǫ. Applying the noncommutative von Neumann
inequality to ϕ− ϕr0 ∈ An(Dmf ) and using relation (2.5), we deduce that
(2.6) ‖G˜(T1, . . . , Tn)− ϕr0(T1, . . . , Tn)‖ ≤ ‖ϕ− ϕr0‖ <
ǫ
3
for any (T1, . . . , Tn) ∈ Dmf (H). We recall that G is a continuous function on Dmf,rad(H). Therefore, there
exists δ > 0 such that
‖Gr0(T1, . . . , Tn)−Gr0(Y1, . . . , Yn)‖ <
ǫ
3
for any n-tuple (Y1, . . . , Yn) in D
m
f (H) such that ‖(T1−Y1, . . . , Tn− Yn)‖ < δ. Hence, and using relation
(2.6), we have
‖G˜(T1, . . . , Tn)− G˜(Y1, . . . , Yn)‖ ≤ ‖G˜(T1, . . . , Tn)− ϕr0(T1, . . . , Tn)‖
+ ‖Gr0(T1, . . . , Tn)−Gr0(Y1, . . . , Yn)‖
+ ‖ϕr0(Y1, . . . , Yn)− G˜(Y1, . . . , Yn)‖ < ǫ,
whenever ‖(T1−Y1, . . . , Tn−Yn)‖ < δ. This proves the continuity of G˜ onDmf (H). Therefore, G ∈ A(Dmf )
and, moreover, we have
Φ(G) = ϕ and Φ−1(ϕ) = B[ϕ], ϕ ∈ An(Dmf ).
Using now Theorem 2.1, we deduce that he map Φ : A(Dmf,rad) → An(Dmf ) is a completely isometric
isomorphism of operator algebras. The equivalences mentioned in the theorem can be easily deduced from
the considerations above and the properties of the noncommutative Berezin transform. This completes
the proof. 
Due to Theorem 2.2 and Corollary 1.3, we deduce the following result.
Corollary 2.3. If p ∈ N and F (X1, . . . , Xn) :=
∞∑
k=0
∑
|α|=k
cαXα is in A(D
m
f,rad), then its representation
on Cp, i.e., the map Fp defined by
Cnp
2 ⊃ Dmf (Cp) ∋ (Λ1, . . . ,Λn) 7→ F (Λ1, . . . ,Λn) ∈Mp ⊂ Cp
2
is a continuous map on Dmf (C
p) and holomorphic on the interior of Dmf (C
p).
16 GELU POPESCU
We remark that one can obtain operator-valued versions of Theorem 2.1 and Theorem 2.2, which we
summarize in what follows. Let E be a separable Hilbert space. We denote by HolE(Dmf,rad) the set of all
free holomorphic functions on the noncommutative ball Dmf,rad and coefficients in B(E). Let H∞E (Dmf,rad)
denote the set of all elements F in HolE(D
m
f,rad) such that
‖F‖∞ := sup ‖F (X1, . . . , Xn)‖ <∞,
where the supremum is taken over all n-tuples of operators (X1, . . . , Xn) ∈ Dmf,rad(H) and any Hilbert
space H. The noncommutative Hardy space H∞E (Dmf,rad) can be identified to F∞n (Dmf )⊗¯B(E), the weakly
closed operator algebra generated by the spatial tensor product. More precisely, a bounded free holo-
morphic function F on Dmf,rad with coefficients in B(E) is uniquely determined by its model boundary
function F˜ (W1, . . . ,Wn) ∈ F∞n (Dmf )⊗¯B(E) defined by
F˜ = F˜ (W1, . . . ,Wn) := SOT- lim
r→1
F (rW1, . . . , rWn).
Moreover, F is the noncommutative Berezin transform of F˜ (W1, . . . ,Wn) at X := (X1, . . . , Xn) ∈
Dmf,rad(H), i.e.,
F (X1, . . . , Xn) = (BX ⊗ IE)[F˜ (W1, . . . ,Wn)].
We denote by AE(D
m
f,rad) the set of all elements ϕ in HolE(D
m
f,rad) such that the mapping
Dmf,rad(H) ∋ (X1, . . . , Xn) 7→ ϕ(X1, . . . , Xn) ∈ B(H)
has a continuous extension to [Dmf,rad(H)]− = Dmf (H) for any Hilbert space H. One can show that
AE(D
m
f,rad) is a Banach algebra under pointwise multiplication and the norm ‖ · ‖∞. Moreover, we can
identify the tensor algebraAn(Dmf )⊗¯minB(E) (the closed operator algebra generated by the spatial tensor
product) with the subalgebra AE(D
m
f,rad). Since the proofs of these results are very similar to those of
Theorem 2.1 and Theorem 2.2, we shall omit them.
3. Compositions of free holomorphic functions
In this section we present several results concerning the composition of free holomorphic functions on
noncommutative domains Dmf,rad. These results are used, throughout this paper, to study free biholo-
morphic functions.
Let f be a positive regular free holomorphic function with n indeterminates and consider a free
holomorphic function Φ : Dmf,rad(H) → [B(H)⊗¯minB(Y)]p. Then we have Φ = (Φ1, . . . ,Φp), where each
mapping Φj : D
m
f,rad(H)→ B(H)⊗¯minB(Y) is a free holomorphic function with representation
Φj(X) =
∞∑
k=0
∑
α∈F+n ,|α|=k
Xα ⊗B(j)(α), X := (X1, . . . , Xn) ∈ Dmf,rad(H),
for some B
(j)
(α) ∈ B(Y), α ∈ F+n . Assume now that
Φ(X) ∈ Dlg,rad(H⊗ Y) for any X ∈ Dmf,rad(H),
where g is a positive regular free holomorphic function with p indeterminates, and l ≥ 1. Consider a free
holomorphic function F : Dlg,rad(K)→ B(K)⊗¯minB(E) with standard representation
F (Y1, . . . , Yp) :=
∞∑
k=0
∑
α∈F+p ,|α|=k
Yα ⊗A(α), (Y1, . . . , Yp) ∈ Dlg,rad(K),
for some bounded operators A(α) ∈ B(E), α ∈ F+p . Note that it makes sense to define the mapping
F ◦ Φ : Dmf,rad(H)→ B(H)⊗¯minB(Y)⊗¯minB(E) by setting
(F ◦ Φ)(X1, . . . , Xn) :=
∞∑
k=0
∑
α∈F+p ,|α|=k
Φα(X1, . . . , Xn)⊗A(α), (X1, . . . , Xn) ∈ Dmf,rad(H),
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where the convergence is in the operator norm topology. In what follows, we prove that F ◦ Φ is a free
holomorphic function on Dmf,rad(H) with standard representation
(F ◦ Φ)(X1, . . . , Xn) =
∞∑
k=0
∑
σ∈F+n ,|σ|=k
Xσ ⊗ C(σ), (X1, . . . , Xn) ∈ Dmf,rad(H),
where C(σ) ∈ B(Y ⊗ E) is defined by
〈
C(σ)x, y
〉
=
b
(m)
σ
r|σ|
〈(W ∗σ ⊗ IY⊗E )(F ◦ Φ)(rW1, . . . , rWn)(1⊗ x), 1 ⊗ y〉
for any σ ∈ F+n and x, y ∈ Y ⊗ E .
First, we need the following result.
Lemma 3.1. Let f and g be positive regular free holomorphic functions with n and p indeterminates,
respectively, and let m, l ≥ 1. If Φ : Dmf,rad(H)→ [B(H)⊗¯minB(Y)]p is a free holomorphic function, then
rangeΦ ⊆ Dlg,rad(H⊗ Y) if and only if
Φ(rW1, . . . , rWn) ∈ Dlg,rad(F 2(Hn)⊗ Y) for any r ∈ [0, 1),
where (W1, . . . ,Wn) is the universal model associated with the noncommutative domain D
m
f .
Proof. Since H is a separable infinite dimensional Hilbert space and (rW1, . . . , rWn) ∈ Dmf,rad(F 2(Hn))
the direct implication is obvious. To prove the converse, assume that Φ = (Φ1, . . . ,Φp) is a free holo-
morphic function on Dmf,rad(H) and Φ(rW1, . . . , rWn) ∈ Dlg,rad(F 2(Hn) ⊗ Y) for any r ∈ (0, 1). Let
X := (X1, . . . , Xn) be in D
m
f,rad(H). Then there exists γ ∈ (0, 1) such that X ∈ Dmf,γ(H). Since Φ is
a free holomorphic function on Dmf,rad(H), for each j = 1, . . . , p, the operator Φj(γW1, . . . , γWn) is in
An(Dmf )⊗¯minB(Y) and there is s ∈ (0, 1) such that
(3.1)
1
s
Φ(γW ) :=
(
1
s
Φ1(γW1, . . . , γWn), . . . ,
1
s
Φp(γW1, . . . , γWn)
)
∈ Dlg(F 2(Hn)⊗ Y).
This implies (id−Φg, 1
s
Φ(γW ))
k(I) ≥ 0 for 1 ≤ k ≤ l. Since Φ = (Φ1, . . . ,Φp) is a free holomorphic function
on Dmf,rad(H), each Φj(X1, . . . , Xn) is given by a series which is convergent in the operator topology and
so is Φj(γW ) ∈ An(Dmf ). Therefore, using the properties of the noncommutative Berezin transform, we
have
Φα(X)Φα(X)
∗ = B 1
γ
X [Φα(γW )Φα(γW )
∗]
for any X ∈ Dmf,γ(H) and α ∈ F+n . Since, due to (3.1), (id − Φg, 1sΦ(γW ))
k(I) ≤ I for 1 ≤ k ≤ l,
and using the fact that the noncommutative Berezin transform is a completely positive map which is
SOT-continuous on bounded sets, we deduce that
(id− Φg, 1
s
Φ(X))
k(I) = B 1
γ
X
[
(id− Φg, 1
s
Φ(γW ))
k(I)
]
≥ 0, 1 ≤ k ≤ l.
Hence, we infer that
(
1
sϕ1(X1, . . . , Xn), . . . ,
1
sϕp(X1, . . . , Xn)
) ∈ Dlg(H⊗Y), which shows that the n-tuple
(ϕ1(X1, . . . , Xn), . . . , ϕp(X1, . . . , Xn)) is in D
l
g,rad(H⊗ Y). This completes the proof. 
The next result shows that the composition of free holomorphic functions with operator-valued coeffi-
cients is a free holomorphic function.
Theorem 3.2. Let f and g be positive regular free holomorphic functions with n and p indeterminates,
respectively, and let m, l ≥ 1. Let F : Dlg,rad(K)→ B(K)⊗¯B(E) and Φ : Dmf,rad(H)→ [B(H)⊗¯minB(Y)]p
be free holomorphic functions such that rangeΦ ⊆ Dlg,rad(H ⊗ Y). Then F ◦ Φ is a free holomorphic
function on Dmf,rad(H). If, in addition, F is bounded, then F ◦ Φ is bounded and ‖F ◦ Φ‖∞ ≤ ‖F‖∞.
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Proof. Suppose that F has the standard representation
F (Y1, . . . , Yp) =
∞∑
k=0
∑
β∈F+p ,|β|=k
Yα ⊗A(β), (Y1, . . . , Yp) ∈ Dlg,rad(K),
where the convergence is in the operator norm topology. Let Φ = (Φ1, . . . ,Φp), where Φ1, . . . ,Φp are
free holomorphic functions on Dmf,rad(H) with coefficients in B(Y), and the property that rangeΦ ⊆
Dlg,rad(H⊗ Y). Hence, we deduce that
(F ◦ Φ)(X1, . . . , Xn) =
∞∑
k=0
∑
β∈F+p ,|β|=k
Φβ(X1, . . . , Xn)⊗ A(β),
where Φβ := Φi1 · · ·Φik if β = gi1 · · · gik ∈ F+p , and the convergence is in the operator norm topology for
any (X1, . . . , Xn) ∈ Dmf,rad(H). According to Lemma 3.1, we have Φ(rW1, . . . , rWn) ∈ Dmf,rad(F 2(Hn)⊗Y)
for r ∈ [0, 1). Taking into account that F is free holomorphic function on Dmf,rad(K), we deduce that, for
each r ∈ [0, 1),
(3.2) Qr :=
∞∑
k=0
∑
β∈F+p ,|β|=k
Φβ(rW1, . . . , rWn)⊗A(β)
is convergent in the operator norm topology. Since Φi(rW1, . . . , rWn) is in the tensor algebraAn(Dmf )⊗¯minB(Y)
for each i = 1, . . . , p, the operator Qr is in the operator algebra
An(Dmf )⊗¯minB(Y ⊗ E) ⊂ F∞n (Dmf )⊗¯B(Y ⊗ E).
Therefore, Mr has a Fourier representation
∑∞
k=0
∑
α∈F+n ,|α|=k
r|α|Wα⊗B(α)(r), where B(α)(r) ∈ B(Y ⊗
E), α ∈ F+n , and
(3.3) Qr = SOT- lim
γ→1
∞∑
k=0
∑
α∈F+n ,|α|=k
r|α|γ|α|Wα ⊗B(α)(r),
where the series
∑∞
k=0
∑
α∈F+n ,|α|=k
r|α|γ|α|Wα ⊗B(α)(r) converges in the operator norm topology.
Now, we show that the coefficients B(α)(r), α ∈ F+n , don’t depend on r ∈ [0, 1). Taking into account
relations (3.2) and (3.3), we have
〈Bα(r)(y ⊗ x), y′ ⊗ z〉 =
〈
(W ∗α ⊗ IY⊗E)
b
(m)
α
r|α|
Qr(1⊗ y ⊗ x), 1 ⊗ y′ ⊗ z
〉
= lim
q→∞
q∑
k=0
∑
β∈F+p ,|β|=k
〈
A(β)x, z
〉〈b(m)α
r|α|
(W ∗α ⊗ IY)Φβ(rW1, . . . , rWn)(1 ⊗ y), 1⊗ y′
〉
for any x, z ∈ E , y, y′ ∈ Y, and α ∈ F+n . On the other hand, for each β ∈ F+p , Φβ is a free holo-
morphic function on Dmf,rad(H) with coefficients in B(Y) and has a representation Φβ(X1, . . . , Xn) =∑∞
k=0
∑
α∈F+n ,|α|=k
Xα ⊗D(α) for (X1, . . . , Xn) ∈ Dmf,rad(H), where D(α) ∈ B(Y). This implies〈
1
r|α|
(W ∗α ⊗ IY)Φβ(rW1, . . . , rWn)(1 ⊗ y), 1⊗ y′
〉
=
1
b
(m)
α
〈
D(α)y, y
′
〉
for any r ∈ [0, 1), and α, β ∈ F+n . Now, it is clear that B(α) := B(α)(r) does not depend on r ∈ [0, 1).
Now relation (3.3) becomes
(3.4) Qr = SOT- lim
γ→1
∞∑
k=0
∑
α∈F+n ,|α|=k
r|α|γ|α|Wα ⊗B(α),
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where the series
∑∞
k=0
∑
α∈F+n ,|α|=k
r|α|γ|α|Wα ⊗ B(α) converges in the operator norm topology, for any
r, γ ∈ [0, 1). According to Theorem 1.2,
G(X1, . . . , Xn) :=
∞∑
k=0
∑
α∈Fn,|α|=k
Xα ⊗B(α), (X1, . . . , Xn) ∈ Dmf,rad(H),
is a free holomorphic function on Dmf,rad(H). Using the continuity of G in the norm operator topology
and relations (3.2) and (3.4), we deduce that
(3.5) Qr :=
∞∑
k=0
∑
β∈F+p ,|β|=k
Φβ(rW1, . . . , rWn)⊗A(β) =
∞∑
k=0
∑
α∈F+n ,|α|=k
r|α|Wα ⊗B(α)
for any r ∈ [0, 1).
Let X := (X1, . . . , Xn) ∈ Dmf,rad(H). Then there exists γ ∈ (0, 1) such that 1γX ∈ Dmf (H). Applying
the noncommutative Berezin transform at ( 1γX1, . . . ,
1
γXn) ∈ Dmf (H) to relation (3.5), when r := γ, we
deduce that
(F ◦ Φ)(X1, . . . , Xn) =
∞∑
k=0
∑
β∈F+p ,|β|=k
Φβ(X1, . . . , Xn)⊗ A(β) =
∞∑
k=0
∑
α∈F+n ,|α|=k
Xα ⊗B(α)
for any (X1, . . . , Xn) ∈ Dmf,rad(H). This completes the proof. 
Now, we present results concerning the composition of bounded free holomorphic functions, with
operator-valued coefficients, on noncommutative domains Dmfrad, m ≥ 1.
Theorem 3.3. Let f and g be positive regular free holomorphic functions with n and p indetermi-
nates, respectively, and let m, l ≥ 1. Let F : Dlg,rad(K) → B(K)⊗¯minB(E) and Φ : Dmf,rad(H) →
[B(H)⊗¯minB(Y)]p be bounded free holomorphic functions. If F and Φ have continuous extensions to the
noncommutative domains Dlg(K) and Dmf (H), respectively, and rangeΦ ⊆ Dlg(H ⊗ Y), then F ◦ Φ is a
bounded free holomorphic function on Dmf,rad(H) which has continuous extension to Dmf (H).
Moreover, we have
(a) ‖F ◦ Φ‖∞ ≤ ‖F‖∞;
(b) (F ◦Φ)(X) = (BX⊗IY⊗E)
{
(BΦ˜ ⊗ IE)[F˜ ]
}
, X ∈ Dmf (H), where BX , BΦ˜ are the noncommutative
Berezin transforms at X and Φ˜, respectively;
(c) the model boundary function of the composition F ◦ Φ satisfies the equation
F˜ ◦ Φ = lim
r→1
F (rΦ˜1, . . . , rΦ˜p) = (BΦ˜ ⊗ IE)[F˜ ],
where the convergence is in the operator norm topology and BΦ˜ is the noncommutative Berezin
transform at Φ˜.
Proof. Let F have the representation
F (Y1, . . . , Yp) :=
∞∑
k=0
∑
β∈F+p ,|β|=k
Yβ ⊗A(β), (Y1, . . . , Yp) ∈ Dlg,rad(K),
where the series converges in the operator norm topology. Since F and Φ have continuous extensions to
the noncommutative domains Dlg(K) and Dmf (H), respectively, the operator-valued version of Theorem
2.2 implies that F˜ ∈ Ap(Dlg)⊗¯minB(E) and Φ˜ := (Φ˜1, . . . , Φ˜p) is such that Φ˜j ∈ An(Dmf )⊗¯minB(Y),
j = 1, . . . , p. Due to the properties of the noncommutative Berezin transform BΦ˜ and the fact that
(Φ˜1, . . . , Φ˜p) is in D
l
g(F
2(Hn)⊗ Y),
lim
r→1
F (rΦ˜1, . . . , rΦ˜p)) = lim
r→1
∞∑
k=0
∑
β∈F+p ,|β|=k
r|β|Φ˜β ⊗A(β) = (BΦ˜ ⊗ IE )[F˜ ]
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where the convergence is in the operator norm topology. Hence and due to the fact thatAn(Dmf )⊗¯minB(Y⊗
E) is closed in the operator norm, we deduce that limr→1 F (rΦ˜1, . . . , rΦ˜p) is in An(Dmf )⊗¯minB(Y ⊗ E).
If X ∈ Dmf (H), then using the continuity of F,Φ, and the continuity of the noncommutative Berezin
transform BX in the operator norm topology, we obtain
(F ◦ Φ)(X) = lim
r→1
F (rΦ1(X), . . . , rΦp(X))
= lim
r→1
∞∑
k=0
∑
β∈F+p ,|β|=k
r|β|Φβ(X)⊗A(β)
= lim
r→1
∞∑
k=0
∑
β∈F+p ,|β|=k
r|β|(BX ⊗ IY)[Φ˜β ]⊗A(β)
= lim
r→1
(BX ⊗ IY⊗E)
 ∞∑
k=0
∑
β∈F+p ,|β|=k
r|β|Φ˜β ⊗A(β)

= (BX ⊗ IY⊗E ) lim
r→1
 ∞∑
k=0
∑
β∈F+p ,|β|=k
r|β|Φ˜β ⊗A(β)

= (BX ⊗ IY⊗E )
{
(BΦ˜ ⊗ IE)[F˜ ]
}
,
which proves part (b). Since (BΦ˜ ⊗ IE)[F˜ ] ∈ An(Dmf )⊗¯minB(Y ⊗ E), the operator-valued version of
Theorem 2.2 shows that F ◦ Φ is a free holomorphic function on Dmf,rad(H) and continuous on Dmf (H)
and its model boundary function satisfies the equation
F˜ ◦ Φ = lim
r→1
F (rΦ˜1, . . . , rΦ˜p) = (BΦ˜ ⊗ IE)[F˜ ],
which proves part (c). Part (a) is now obvious. The proof is complete. 
We recall that an n-tuple T := (T1, . . . , Tn) ∈ Dmf (H) is pure if SOT- limk→∞ Φkf,T (I) = 0, where
Φf,T : B(H) → B(H) is the positive linear map defined by Φf,T (X) =
∑∞
k=1
∑
|α|=k aαTαXT
∗
α, where
the convergence is in the weak operator topology. We define
Dmf,pure(H) := {(X1, . . . , Xn) ∈ Dmf (H) : (X1, . . . , Xn) is pure}.
Note that Dmf,rad(H) ⊂ Dmf,pure(H) ⊂ Dmf (H).
Lemma 3.4. Let f and g be positive regular free holomorphic functions with n and p indeterminates,
respectively, and let m, l ≥ 1. Let ψi ∈ H∞(Dmf ), i = 1, . . . , p, be such that ψ˜ := (ψ˜1, . . . , ψ˜p) is in
Dlg,pure(F
2(Hn)), where ψ˜i ∈ F∞n (Dmf ) is the model boundary function. Then
ψ(X) := (ψ1(X), . . . , ψp(X)) ∈ Dlg,pure(H)
for any X := (X1, . . . , Xn) ∈ Dmf,pure(H).
Proof. Taking into account that ψ˜ := (ψ˜1, . . . , ψ˜p) ∈ Dlg,pure(F 2(Hn)) andX := (X1, . . . , Xn) ∈ Dmf,pure(H),
and using the properties of the extended noncommutative Berezin transform, we deduce that
ψα(X)ψα(X)
∗ = K
(m)
f,X
∗
(ψ˜αψ˜
∗
β ⊗ IH)K(m)f,X , α ∈ F+n .
Hence, we obtain
Φkg,ψ(X)(I) = K
(m)
f,X
∗
(Φk
g,ψ˜
(I)⊗ IH)K(m)f,X , k ∈ N.
Since Φk
g,ψ˜
(I) ≤ I for any k ∈ N and SOT- limk→∞ Φkg,ψ˜(I) = 0, we deduce that
SOT- lim
k→∞
Φkg,ψ(X)(I) = 0,
which shows that ψ(X) is pure. 
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Theorem 3.5. Let f and g be positive regular free holomorphic functions with n and p indeterminates,
respectively, and let m, l ≥ 1. Let F : Dlg,rad(K) → B(K)⊗¯minB(E) and Φ : Dmf,rad(H) → B(H)p be
bounded free holomorphic functions. If the model boundary function Φ˜ is a pure n-tuple in Dlg(F
2(Hn)),
then the map
(F ◦ Φ)(X) := SOT- lim
r→1
F (rΦ1(X), . . . , rΦn(X)), X ∈ Dmf,pure(H),
is a bounded free holomorphic function on Dmf,rad(H). Moreover, we have
(a) ‖F ◦ Φ‖∞ ≤ ‖F‖∞;
(b) (F ◦Φ)(X) = (BX⊗IE)
{
(BΦ˜ ⊗ IE)[F˜ ]
}
, X ∈ Dmf,pure(H), where BX , BΦ˜ are the noncommutative
Berezin transforms at X and Φ˜, respectively;
(c) the model boundary function of the composition F ◦ Φ satisfies the equation
F˜ ◦ Φ = SOT- lim
r→1
F (rΦ˜1, . . . , rΦ˜p) = (BΦ˜ ⊗ IE)[F˜ ],
where BΦ˜ is the noncommutative Berezin transform at Φ˜.
Proof. Let F have the representation
F (Y1, . . . , Yp) :=
∞∑
k=0
∑
β∈F+p ,|β|=k
Yβ ⊗A(β), (Y1, . . . , Yp) ∈ Dlg,rad(K),
where the series converges in the operator norm topology. Since F and Φ are bounded free holomorphic
functions on the noncommutative domains Dlg,rad(K) and Dmf,rad(H), respectively, the operator-valued
version of Theorem 2.1 implies that F˜ ∈ F∞n (Dlg)⊗¯B(E) and Φ˜ := (Φ˜1, . . . , Φ˜p) is such that Φ˜j ∈
F∞n (D
m
f ), j = 1, . . . , p. Due to the properties of the noncommutative Berezin transform BΦ˜ and the fact
that (Φ˜1, . . . , Φ˜p) is a pure n-tuple in D
l
g(F
2(Hn)), we have
(3.6) SOT- lim
r→1
F (rΦ˜1, . . . , rΦ˜p)) = SOT- lim
r→1
∞∑
k=0
∑
β∈F+p ,|β|=k
r|β|Φ˜β ⊗A(β) = (BΦ˜ ⊗ IE)[F˜ ].
Hence and due to the fact that F∞n (D
m
f )⊗¯B(E) is closed in the strong operator topology, we deduce that
SOT- limr→1 F (rΦ˜1, . . . , rΦ˜p) is in F
∞
n (D
m
f )⊗¯B(E). If X ∈ Dmf,pure(H), then Lemma 3.4 implies that
(Φ1(X), . . . ,Φp(X)) is a pure n-tuple of operators in D
l
g(H). Consequently, as in the proof of Theorem
3.3, using the continuity of the noncommutative Berezin transform BX in the strong operator topology
(see (2.1)), and relation (3.6), we obtain
(F ◦ Φ)(X) = SOT- lim
r→1
F (rΦ1(X), . . . , rΦp(X))
= SOT- lim
r→1
∞∑
k=0
∑
β∈F+p ,|β|=k
r|β|Φβ(X)⊗A(β)
= (BX ⊗ IE)
{
(BΦ˜ ⊗ IE )[F˜ ]
}
,
which proves part (b). Since (BΦ˜⊗ IE)[F˜ ] ∈ F∞n (Dmf )⊗¯minB(E), the operator-valued version of Theorem
2.2 shows that F ◦Φ is a free holomorphic function onDmf,rad(H) and its model boundary function satisfies
the equation
F˜ ◦ Φ = SOT- lim
r→1
F (rΦ˜1, . . . , rΦ˜p) = (BΦ˜ ⊗ IE)[F˜ ],
which proves part (c). Part (a) is now obvious. The proof is complete. 
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4. Free biholomorphic functions and noncommutative Cartan type results
In this section we obtain noncommutative Cartan type results for formal power series in several non-
commuting indeterminates, which leave invariant the nilpotent parts of the corresponding domains. These
results are used to characterize the set of all free biholomorphic functions F : Dmf (H) → Dlg(H) with
F (0) = 0. As a consequence, we determine the free holomorphic automorphisms of the noncommutative
domain Dmf,rad which fix the origin. Several other consequences concerning the biholomorphic classifica-
tion of noncommutative domains are obtained.
An n-tuple of operators (N1, . . . , Nn) ∈ B(H)n is called nilpotent if there is p ∈ N := {1, 2, . . .} such
that Nα = 0 for any α ∈ F+n with |α| = p. Define the nilpotent part of the noncommutative domain
Dmf (H) by setting
Dmf,nil(H) := {(N1, . . . , Nn) ∈ Dmf (H) : (N1, . . . , Nn) is nilpotent}.
For simplicity, throughout this paper, [X1, . . . , Xn] denotes either the n-tuple (X1, . . . , Xn) ∈ B(H)n
or the operator row matrix [X1 · · · Xn] acting from H(n), the direct sum of n copies of a Hilbert space
H, to H.
Theorem 4.1. Let f be a positive regular free holomorphic function with n indeterminates and let m ≥ 1.
Let H1, . . . , Hn be formal power series in n noncommuting indeterminates Z1, . . . , Zn of the form
Hi(Z1, . . . , Zn) :=
∑
k=2
∑
|α|=k
a(i)α Zα, a
(i)
α ∈ C, i = 1, . . . , n.
If
F (Z1, . . . , Zn) := (Z1 +H1(Z1, . . . , Zn), . . . , Zn +Hn(Z1, . . . , Zn))
has the property that
F (Dmf,nil(H)) ⊆ Dmf,nil(H)
for any Hilbert space H, then
F (Z1, . . . , Zn) = (Z1, . . . , Zn).
Proof. Assume that there exists α ∈ F+n , |α| ≥ 2, and i ∈ {1, . . . , n} such that a(i)α 6= 0 . Let p ≥ 2 be the
smallest natural number such that there exists α0 ∈ F+n , |α0| = p, and i0 ∈ {1, . . . , n} such that a(i0)α0 6= 0.
Then F has the form F = (F1, . . . , Fn), where, for each i = 1, . . . , n,
Fi(Z1, . . . , Zn) = Zi +Hi(Z1, . . . , Zn) and Hi(Z1, . . . , Zn) =
∞∑
k=p
G
(i)
k (Z1, . . . , Zn)
where G
(i)
k (Z1, . . . , Zn) :=
∑
|α|=k a
(i)
α Zα for each k ≥ p and i ∈ {1, . . . , n}. Note that, for each i ∈
{1, . . . , n}, G(i)p ◦ F is a power series and
(G(i)p ◦ F )(Z1, . . . , Zn) =
∑
|α|=p
a(i)α Fα(Z1, . . . , Zn) = G
(i)
p (Z1, . . . , Zn) +K
(i)
p+1(Z1, . . . , Zn),
whereK
(i)
p+1 is a power series containing only monomials of degree ≥ p+1 in its representation. Therefore,
F ◦ F is a power series and
(F ◦ F )(Z1, . . . , Zn) = (Z1, . . . , Zn) +
(
2G(1)p (Z1, . . . , Zn), . . . , 2G
(n)
p (Z1, . . . , Zn)
)
+
(
K
(1)
p+1(Z1, . . . , Zn), . . . ,K
(n)
p+1(Z1, . . . , Zn)
)
.
Iterating this process and setting FN := (F ◦ · · · ◦ F )︸ ︷︷ ︸
N times
, N ∈ N, we deduce that
FN(Z1, . . . , Zn) = (Z1, . . . , Zn) +
(
NG(1)p (Z1, . . . , Zn), . . . , NG
(n)
p (Z1, . . . , Zn)
)
+
(
E
(1)
p+1(Z1, . . . , Zn), . . . , E
(n)
p+1(Z1, . . . , Zn)
)
,
FREE BIHOLOMORPHIC CLASSIFICATION OF NONCOMMUTATIVE DOMAINS 23
where, for each i = 1, . . . , n, E
(i)
p+1 is a power series containing only monomials of degree ≥ p + 1 in
its representation. Let M ⊂ F 2(Hn) be the linear span generated by eα, where α ∈ F+n with |α| ≤ p.
Note that M is an invariant subspace under W ∗1 , . . . ,W ∗n . Using the definition of the weighted shifts
W1, . . . ,Wn associated with the noncommutative domain D
m
f , we deduce that
(4.1) [FN (PMW1|M, . . . , PMWn|M)]∗eα =
W
∗
1
...
W ∗n
 eα +N

[G
(1)
p (PMW1|M, . . . , PMWn|M)]∗
...
[G
(n)
p (PMW1|M, . . . , PMWn|M)]∗
 eα
for any α ∈ F+n with |α| ≥ 2, and N = 1, 2, . . ., where PM is the orthogonal projection from F 2(Hn)
onto M. We recall that {eα}α∈F+n is the standard orthonormal basis for F 2(Hn). Since, for any α ∈ F+n ,
|α| = p,
W ∗αeα0 =

1√
b
(m)
α0
1 if α = α0
0 otherwise
and G
(i)
p , i = 1, . . . , n, are homogeneous noncommutative polynomials of degree p and |α0| = p, we have
(4.2) γ :=
∥∥∥∥∥∥∥∥

[G
(1)
p (PMW1|M, . . . , PMWn|M)]∗
...
[G
(n)
p (PMW1|M, . . . , PMWn|M)]∗
 eα0
∥∥∥∥∥∥∥∥ ≥
|a(i0)α0 |√
b
(m)
α0
> 0.
Assume that α0 = gjγ0, where j = 1, . . . , n and γ0 ∈ F+n , |γ0| = p − 1. Then, due to relation (1.4), we
have W ∗j eα0 =
√
b
(m)
γ0√
b
(m)
α0
eγ0 and W
∗
i eα0 = 0 for i 6= j. Hence and using relation (4.1), we deduce that
(4.3) Nγ <
√
b
(m)
γ0√
b
(m)
α0
+ ‖FN(PMW1|M, . . . , PMWn|M)∗eα0‖ for any N ∈ N.
On the other hand, since (PMW1|M, . . . , PMWn|M) is a nilpotent n-tuple in Dmf (M) and due to the
hypothesis, we have FN (PMW1|M, . . . , PMWn|M) ⊆ Dmf,nil(M). Applying inequality (1.1) we obtain
‖FN (PMW1|M, . . . , PMWn|M)‖ < 1
min{√aα : |α| = 1}
for any N ∈ N, where aα are the coefficients of f =
∑
|α|≥1 aαXα. We recall that aα > 0 if |α| = 1.
Hence and using relation (4.3), we deduce that
Nγ <
√
b
(m)
γ0√
b
(m)
α0
+
1
min{√aα : |α| = 1}
for any N ∈ N, which, due to (4.2), is a contradiction. This completes the proof. 
In what follows, if L := [aij ]n×n is a bounded linear operator on C
n, we use the matrix notation
[X1, . . . , Xn]L :=
(
n∑
i=1
ai1Xi, · · · ,
n∑
i=1
ainXi
)
.
Theorem 4.2. Let f and g be positive regular free holomorphic functions with n indeterminates and
let m, l ≥ 1. Let F = (F1, . . . , Fn) and G = (G1, . . . , Gn) be n-tuples of formal power series in n
noncommuting indeterminates such that
F (0) = G(0) = 0 and F ◦G = G ◦ F = id.
If F (Dmf,nil(H)) = Dlg,nil(H) for any Hilbert space H, then F has the form
F (Z1, . . . , Zn) = [Z1, . . . , Zn]U,
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where U is an invertible bounded linear operator on Cn.
Proof. Since F (0) = 0, F has the representation F = (F1, . . . , Fn), where each Fj is a power series with
scalar coefficients, having the form
(4.4) Fj(Z1, . . . , Zn) =
n∑
k=1
akjZk +Ψ
(j)
2 (Z1, . . . , Zn),
and Ψ
(j)
2 is a power series of the form Ψ
(j)
2 (Z1, . . . , Zn) =
∑∞
p=2
∑
|α|=p a
(j)
α Zα, a
(j)
α ∈ C. Similarly,
G = (G1, . . . , Gn), where each Gj is a power series, having the form
(4.5) Gj(Z1, . . . , Zn) =
n∑
k=1
bkjZk + Γ
(j)
2 (Z1, . . . , Zn),
and Γ
(j)
2 is a power series of the form Γ
(j)
2 (Z1, . . . , Zn) =
∑∞
p=2
∑
|α|=p b
(j)
α Zα, b
(j)
α ∈ C. Consider the
matrices U := [aij ]n×n and B := [bij ]n×n. Using the representations (4.4) and (4.5), we deduce that
(G ◦ F )(Z1, . . . , Zn)
=
 n∑
j=1
bj1Fj + Γ
(1)
2 (F1, . . . , Fn), . . . ,
n∑
j=1
bjnFj + Γ
(n)
2 (F1, . . . , Fn)

=
 n∑
j=1
bj1
(
n∑
k=1
akjZk
)
, . . . ,
n∑
j=1
bjn
(
n∑
k=1
akjZk
)
+
 n∑
j=1
bj1Ψ
(j)
2 (Z1, . . . , Zn), . . . ,
n∑
j=1
bjnΨ
(j)
2 (Z1, . . . , Zn)
 + (Γ(1)2 (F1, . . . , Fn), . . . ,Γ(n)2 (F1, . . . , Fn))
= [Z1, . . . , Zn]UB +
(
Λ
(1)
2 (Z1, . . . , Zn), . . . ,Λ
(n)
2 (Z1, . . . , Zn)
)
,
where Λ
(j)
2 , j = 1, . . . , n, are power series containing only monomials of degree≥ 2 in their representations.
Since (G ◦ F )(Z1, . . . , Zn) = (Z1, . . . , Zn), we deduce that UB = In and Λ(j)2 (Z1, . . . , Zn) = 0 for j =
1, . . . , n. Similarly, since (F ◦ G)(Z1, . . . , Zn) = (Z1, . . . , Zn), we can prove that BU = In. Therefore U
is an invertible operator on Cn. Note that
Fθ(Z1, . . . , Zn) := e
−iθF (eiθZ1, . . . , e
iθZn)
is a power series, for all θ ∈ R. Due to relation (4.4), we deduce that
e−iθF (eiθZ1, . . . , e
iθZn)
=
(
n∑
k=1
ak1Zk + e
−iθΨ
(1)
2 (e
iθZ1, . . . , e
iθZn), . . . ,
n∑
k=1
aknZk + e
−iθΨ
(n)
2 (e
iθZ1, . . . , e
iθZn)
)
Note that
(4.6) H(Z1, . . . , Zn) := G
(
e−iθF (eiθZ1, . . . , e
iθZn)
)
is a power series with H(0) = 0. Taking into account the representations of the power series involved in
the definition of H , calculations as above lead to
H(Z1, . . . , Zn) = [Z1, . . . , Zn]UB +
(
Φ
(1)
2 (Z1, . . . , Zn), . . . ,Φ
(n)
2 (Z1, . . . , Zn)
)
,
where Φ
(j)
2 , j = 1, . . . , n, are power series containing only monomials of degree≥ 2 in their representations.
Note that if (N1, . . . , Nn) ∈ Dmf,nil(H), then (eiθN1, . . . , eiθNn) ∈ Dmf,nil(H) for θ ∈ R, and due to
relation F (Dmf,nil(H)) = Dlg,nil(H), we deduce that F (eiθN1, . . . , eiθNn) ∈ Dlg,nil(H). Consequently,
eiθF (eiθN1, . . . , e
iθNn) ∈ Dlg,nil(H) which together with relation G(Dlg,nil(H)) = Dmf,nil(H) show that the
formal power series H(Z1, . . . , Zn) := G
(
e−iθF (eiθZ1, . . . , e
iθZn)
)
has the properties that H(0) = 0 and
H(Dmf,nil(H)) ⊆ Dmf,nil(H).
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Now, since UB = In, we can apply Theorem 4.1 to the power seriesH to conclude thatH(Z1, . . . , Zn) =
(Z1, . . . , Zn). Hence, taking into account that G ◦ F = id and due to relation (4.6), we obtain
eiθF (Z1, . . . , Zn) = F (e
iθZ1, . . . , e
iθZn)
for any θ ∈ R. Using the representations given by (4.4), the latter equality implies
a(j)α e
iθ|α| = eiθa(j)α for any θ ∈ R,
where α ∈ F+n with |α| ≥ 2, and j = 1, . . . , n. Hence, a(j)α = 0 and, consequently,
F (Z1, . . . , Zn) =
(
n∑
k=1
ak1Zk, . . . ,
n∑
k=1
aknZk
)
= [Z1, . . . , Zn]U.
The proof is complete. 
Let f and g be positive regular free holomorphic functions with n and q indeterminates, respectively,
and let m, l ≥ 1. A map F : Dmf (H)→ Dlg(H) is called free biholomorphic function if F is a homeomor-
phism in the operator norm topology and F |Dm
f,rad(H)
and F−1|
D
l
g,rad(H)
are free holomorphic functions
on Dmf,rad(H) and Dlg,rad(H), respectively. In this case, the domains Dmf (H) and Dlg(H) are called free
biholomorphic equivalent. We denote by Bih(Dmf ,D
l
g) the set of all the free biholomorphic functions
F : Dmf (H)→ Dlg(H).
As in the particular case m = l = 1 (see [29], [2]), there is an important connection between the theory
of free biholomorphic functions on noncommutative domains and the theory of biholomorphic functions
on domains in Cd([12]). Let Ω1, Ω2 be domains (open and connected sets) in C
d. If there exist free
holomorphic maps ϕ : Ω1 → Ω2 and ψ : Ω2 → Ω1 such that ϕ ◦ ψ = idΩ2 and ψ ◦ ϕ = idΩ1 , then Ω1 and
Ω2 are called biholomorphic equivalent and ϕ and ψ are called biholomorphic maps.
Theorem 4.3. Let f and g be positive regular free holomorphic functions with n and q indeterminates,
respectively, and let m, l, p ≥ 1. If F : Dmf (H) → Dlg(H) is a free biholomorphic function, then n = q
and its representation on Cp, i.e., the map Fp defined by
Cnp
2 ⊃ Dmf (Cp) ∋ (Λ1, . . . ,Λn) 7→ F (Λ1, . . . ,Λn) ∈ Dlg(Cp) ⊂ Cqp
2
is a homeomorphism from Dmf (C
p) onto Dlg(C
p) and a biholomorphic function from Int(Dmf (C
p)) onto
Int(Dlg(C
p)).
Proof. The fact that Fp is a homeomorphism from D
m
f (C
p) onto Dlg(C
p) is due to Theorem 2.2 and
Corollary 2.3. Moreover, from Corollary 2.3, we also have that Fp and (F
−1)p are holomorphic functions
on Int(Dmf (C
p)) ⊂ Cnp2 and Int(Dlg(Cp)) ⊂ Cqp
2
, respectively. Now, since Fp is a homeomorphism from
Dmf (C
p) onto Dlg(C
p), a standard argument using Brouwer’s invariance of domain theorem [4] shows that
Fp is a biholomorphic function from Int(D
m
f (C
p)) onto Int(Dlg(C
p)) and n = q. This completes the
proof. 
We remark that under the conditions of Theorem 4.3, when p = 1, the sets Int(Dmf (C)) ⊂ Cn and
Int(Dlg(C)) ⊂ Cq are Reinhardt domains which contain 0. According to Sunada’s result [32], we deduce
that there exists a permutation σ of the set {1, . . . , n} and scalars µ1, . . . , µn > 0 such that the map
Int(Dmf (C)) ∋ (z1, . . . , zn) 7→ (µ1zσ(1), . . . , µnzσ(n)) ∈ Int(Dlg(C))
is a biholomorphic map. It would be interesting to see if there is an analogue of Sunada’s result for our
noncommutative domains.
Corollary 4.4. Let f and g be positive regular free holomorphic functions with n and q indeterminates,
respectively, and let m, l, p ≥ 1. If n 6= q or there is p ∈ {1, 2, . . .} such that Int(Dmf (Cp)) is not
biholomorphic equivalent to Int(Dlg(C
p)), then the noncommutative domains Dmf (H) and Dlg(H) are not
free biholomorphic equivalent.
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Let f =
∑
|α|≥1 aαXα be a positive regular free holomorphic function and fix c1, . . . , cn > 0. Define
g :=
∑
|α|≥1 dαXα by setting dα :=
1
c2α aα if |α| ≥ 1, where c := (c1, . . . , cn) and cα := ci1 · · · cik when
α = gi1 · · · gik ∈ F+n . It is easy to see that g is also a positive regular free holomorphic function. Note that
the noncommutative domains Dmf (H) and Dmg (H) are free biholomorphic equivalent. Indeed, the map
Λ : Dmf (H) → Dmg (H) defined by Λ(X1, . . . , Xn) := (c1X1, . . . , cnXn) is a free biholomorphic function.
Therefore, by rescaling variables, we obtain free biholomorphic equivalent domains.
In what follows, we characterize the setBih0(D
m
f ,D
l
g) of all free biholomorphic functions F : D
m
f (H)→
Dlg(H) with F (0) = 0. We use the notation (W (f)1 , . . . ,W (f)n ) for the universal model associated with the
noncommutative domain Dmf . Here is the main result of this section.
Theorem 4.5. Let f and g be positive regular free holomorphic functions with n and q indeterminates,
respectively, and let m, l ≥ 1. A map F : Dmf (H)→ Dlg(H) is a free biholomorphic function with F (0) = 0
if and only if n = q and F has the form
F (X1, . . . , Xn) = [X1, . . . , Xn]U, (X1, . . . , Xn) ∈ Dmf (H),
where U is an invertible bounded linear operator on Cn such that
[W
(f)
1 , . . . ,W
(f)
n ]U ∈ Dlg(F 2(Hn)) and [W (g)1 , . . . ,W (g)n ]U−1 ∈ Dmf (F 2(Hn)).
Proof. Assume that F : Dmf (H)→ Dlg(H) is a free biholomorphic function with F (0) = 0. According to
Theorem 4.3, we must have n = q. Then F has a representation F = (F1, . . . , Fn), where Fj is a power
series with scalar coefficients, having the representation
Fj(Z1, . . . , Zn) =
n∑
k=1
akjZk +Ψ
(j)
2 (Z1, . . . , Zn),
and Ψ
(j)
2 is a power series of the form Ψ
(j)
2 (Z1, . . . , Zn) =
∑∞
p=2
∑
|α|=p a
(j)
α Zα. It is easy to see
that if (N1, . . . , Nn) ∈ Dmf,nil(H), then F (N1, . . . , Nn) ∈ Dlg,nil(H). Similarly, one can show that
F−1(Dlg,nil(H)) ⊆ Dmf,nil(H). Therefore, we have F (Dmf,nil(H)) = Dlg,nil(H). Applying Theorem 4.2,
we deduce that F (Z1, . . . , Zn) = [Z1, . . . , Zn]U , where U is an invertible bounded linear operator on
Cn. Since F : Dmf (H) → Dlg(H) is a free biholomorphic function, (rW (f)1 , . . . , rW (f)n ) ∈ Dmf,rad(H), and
(rW
(g)
1 , . . . , rW
(g)
n ) ∈ Dlg,rad(H), we deduce that
[rW
(f)
1 , . . . , rW
(f)
n ]U ∈ Dlg(F 2(Hn)) and [rW (g)1 , . . . , rW (g)n ]U−1 ∈ Dmf (F 2(Hn))
for any r ∈ [0, 1). Since the domains Dlg(F 2(Hn)) and Dmf (F 2(Hn)) are closed in the operator norm
topology, and taking r → 1, we obtain the assertion of the theorem.
Conversely, assume that F has the form
F (X1, . . . , Xn) = [X1, . . . , Xn]U, (X1, . . . , Xn) ∈ Dmf (H),
where U is an invertible bounded linear operator on Cn such that
(4.7) [W
(f)
1 , . . . ,W
(f)
n ]U ∈ Dlg(F 2(Hn)) and [W (g)1 , . . . ,W (g)n ]U−1 ∈ Dmf (F 2(Hn)).
Define the free holomorphic function G by setting
G(Y1, . . . , Yn) = [Y1, . . . , Yn]U
−1, (Y1, . . . , Yn) ∈ Dlg(H).
It is clear that F and G are continuous functions in the operator norm topology. Moreover, note that
F |Dm
f,rad(H)
and F−1|
D
l
g,rad(H)
are free holomorphic functions on Dmf,rad(H) and Dlg,rad(H), respectively.
Since F ◦G = G ◦ F = id, it remains to show that
F (Dmf (H)) ⊆ Dlg(H) and G(Dlg(H)) ⊆ Dmf (H).
To this end, let (X1, . . . , Xn) ∈ Dmf (H) and fix r ∈ [0, 1). Then (rX1, . . . , rXn) ∈ Dmf,rad(H) ⊂ Dmf,pure(H)
and, due to the dilation theorem from [24] there is a separable infinite dimensional Hilbert spaceM such
that
(4.8) rX∗i = (W
(f)
i
∗ ⊗ IM)|H, i = 1, . . . , n,
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where H is identified with a co-invariant subspace of F 2(Hn)⊗M under the operators W (f)1
∗⊗ IM, . . . ,
W
(f)
n
∗ ⊗ IM. Let U := [aji] be the matrix representation of the invertible operator from relation (4.7).
Setting Li :=
∑n
k=1 akiW
(f)
k , i = 1, . . . , n, the first part of relation (4.7) implies
(4.9) (id− Φg,L)l(IF 2(Hn)⊗M) =
l∑
p=0
(−1)p
(
l
p
)
Φpg,L(IF 2(Hn)⊗M) ≥ 0,
where L := (L1 ⊗ IM, . . . , Ln ⊗ IM). Note that each Φpg,L(IF 2(Hn)⊗M) is given by a series which is
convergent in the weak operator topology and, due to condition (4.8), we deduce that
Φpg,F (rX1,...,rXn)(IH) = PHΦ
p
g,L(IF 2(Hn)⊗M)|H, p = 0, 1, . . . , l.
Combining this relation with inequality (4.9), we obtain (id − Φg,F (rX1,...,rXn))l(IH) ≥ 0, which shows
that F (rX1, . . . , rXn) ∈ Dlg(H) for any r ∈ [0, 1). Since Dlg(H) is closed in the operator norm topol-
ogy and F (rX1, . . . , rXn) = r[X1, . . . , Xn]U , we deduce that [X1, . . . , Xn]U ∈ Dlg(H) for any n-tuple
(X1, . . . , Xn) ∈ Dmf (H). This proves that F (Dmf (H)) ⊆ Dlg(H). Similarly, one can prove the inclusion
G(Dlg(H)) ⊆ Dmf (H). This completes the proof. 
We denote by Aut(Dmf ) := Bih(D
m
f ,D
m
f ) the set of all free biholomorphic functions of D
m
f (H). Due
to Theorem 3.3, Aut(Dmf ) is a group with respect to the composition of free holomorphic functions. As
a consequence of Theorem 4.5, we obtain the following characterization of Aut0(D
m
f ), the subgroup of
all free holomorphic automorphisms of Dmf (H) that fix the origin.
Corollary 4.6. Let f be a positive regular free holomorphic function with n indeterminates and let
m ≥ 1. A map Ψ : Dmf (H) → Dmf (H) is a free holomorphic automorphism with Ψ(0) = 0 if and only if
it has the form
Ψ(X1, . . . , Xn) = [X1, . . . , Xn]U, (X1, . . . , Xn) ∈ Dmf (H),
where U is an invertible operator on Cn such that
[W1, . . . ,Wn]U ∈ Dmf (F 2(Hn)) and [W1, . . . ,Wn]U−1 ∈ Dmf (F 2(Hn)),
and (W1, . . . ,Wn) is the universal model associated with the noncommutative domain D
m
f .
Now, we can characterize the unit ball of B(H)n among the noncommutative domains Dmf (H), up to
free biholomorphisms.
Corollary 4.7. Let g be a positive regular free holomorphic function with q indeterminates and let l ≥ 1.
Then the noncommutative domain Dlg(H) is biholomorphic equivalent to the unit ball [B(H)n]1 if and
only if q = n and there is an invertible bounded linear operator U ∈ B(Cn) such that
[S1, . . . , Sn]U ∈ Dlg(F 2(Hn)) and [W (g)1 , . . . ,W (g)n ]U−1 ∈ [B(H)n]−1 ,
where S1, . . . , Sn are the left creation operators on the full Fock space F
2(Hn).
Proof. Let p := X1 + · · · +Xn and recall that D1p(H) = [B(H)n]−1 . Assume that F : Dlg(H) → D1p(H)
is a free biholomorphic function. Due to Theorem 4.3, n = q and the representation of F on C, i.e., the
map F1 defined by
Cn ⊃ D1p(C) ∋ (λ1, . . . , λn) 7→ F (λ1, . . . , λn) ∈ Dlg(C) ⊂ Cn
is a homeomorphism fromD1p(C) ontoD
l
g(C) and a biholomorphic function from Int(D
1
p(C)) = [B(H)n]1
onto Int(Dlg(C)). Consequently, z0 := F (0) ∈ Bn, the open unit ball of Cn. According to Theorem 2.3
from [30], there is a free holomorphic automorphism Ψz0 of the open unit ball [B(H)n]1 such that
Ψz0(z0) = 0. Moreover, Ψz0 has a continuous extension to the closed ball [B(H)n]−1 which is a homeo-
morphism of [B(H)n]−1 . Then, according to Theorem 3.3, the composition Ψz0 ◦ F : Dlg(H)→ D1p(H) is
a free biholomorphic function with the property that (Ψz0 ◦ F )(0) = 0. Applying now Theorem 4.5, we
find an invertible bounded linear operator U ∈ B(Cn) such that
[S1, . . . , Sn]U ∈ Dlg(F 2(Hn)) and [W (g)1 , . . . ,W (g)n ]U−1 ∈ [B(H)n]−1 ,
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and such that (Ψz0 ◦F )(X1, . . . , Xn) = [X1, . . . , Xn]U for all (X1, . . . , Xn) ∈ Dlg(H). The converse follows
easily from Theorem 4.5. 
We remark that in the particular case when l = 1 we will get a more precise result in the next section
(see Corollary 5.3).
In what follows we use again the interaction between the theory of functions in several complex variables
and our noncommutative theory to obtain some results on the classification of the noncommutative
domains Dmf (H), m ≥ 1.
Theorem 4.8. Let f and g be positive regular free holomorphic functions with n indeterminates and let
m, l ≥ 1. Assume that there is p′ ∈ {1, 2, . . .} such that the domains Int(Dmf (Cp
′
)) and Int(Dlg(C
p′)) are
linearly equivalent and all the automorphisms of Int(Dmf (C
p′)) fix the origin.
Then the noncommutative domains Dmf (H) and Dlg(H) are free biholomorphic equivalent if and only
if there is an invertible bounded linear operator U ∈ B(Cn) such that
[W
(f)
1 , . . . ,W
(f)
n ]U ∈ Dlg(F 2(Hn)) and [W (g)1 , . . . ,W (g)n ]U−1 ∈ Dmf (F 2(Hn)).
Proof. Since the domains Int(Dmf (C
p′)) and Int(Dlg(C
p′)) are linearly equivalent, there is a biholomor-
phic function ϕ : Int(Dmf (C
p′))→ Int(Dlg(Cp
′
)) such that ϕ(0) = 0. Suppose that F : Dmf (H)→ Dlg(H)
is a free biholomorphic function. According to Theorem 4.3, n = q and the representation of F on Cp
′
,
i.e., the map Fp′ defined by
Cnp
′2 ⊃ Dmf (Cp
′
) ∋ (Λ1, . . . ,Λn) 7→ F (Λ1, . . . ,Λn) ∈ Dlg(Cp
′
) ⊂ Cnp′2
is a biholomorphic function from Int(Dmf (C
p′)) onto Int(Dlg(C
p′)). Consequently, ϕ−1 ◦ Fp′ is an auto-
morphism of Int(Dmf (C
p′)). Due to the hypothesis, we have (ϕ−1 ◦ Fp′)(0) = 0. Therefore, Fp′ (0) = 0,
which obviously implies F (0) = 0. Applying now Theorem 4.5, the result follows. The converse is due to
the same theorem. The proof is complete. 
Using Thullen characterization of domains in C2 with non-compact automorphism group ([34]) and
Theorem 4.5, we can obtain the following classification result for noncommutative domains generated
by positive regular free holomorphic functions in 2 indeterminates. We recall that Thullen proved that
if a bounded Reinhardt domain in C2 has a biholomorphic map that does not fix the origin, then the
domain is linearly equivalent to one of the following: polydisc, unit ball, or the so-called Thullen domain.
Combining this result with Theorem 4.8, we obtain the following consequence.
Corollary 4.9. Let f and g be positive regular free holomorphic functions with 2 indeterminates and let
m, l ≥ 1. Assume that the Reinhardt domains Int(Dmf (C)) and Int(Dlg(C)) are linearly equivalent but
they are not linearly equivalent to either the polydisc, the unit ball, or any Thullen domain in C2.
Then the noncommutative domains Dmf (H) and Dlg(H) are free biholomorphic equivalent if and only
if there is an invertible bounded linear operator U ∈ B(C2) such that
[W
(f)
1 ,W
(f)
2 ]U ∈ Dlg(F 2(H2)) and [W (g)1 ,W (g)2 ]U−1 ∈ Dmf (F 2(H2)).
5. Free biholomorphic classification of noncommutative domains
The main result of this section shows that the free biholomorphic classification of the noncommutative
domains Dmf (H) ⊂ B(H)n is the same as the classification of the corresponding noncommutative domain
algebras An(Dmf ) ≃ A(Dmf,rad). Combining this result with the Cartan type results from Section 4, we
provide several consequences concerning the free biholomorphic classification.
Let f and g be positive regular free holomorphic functions with n and q indeterminates, respectively,
and let m, l ≥ 1. According to Theorem 2.2, there is a completely isometric isomorphism
A(Dmf,rad) ∋ χ 7→ χ˜ := lim
r→1
χ(rW1, . . . , rWn) ∈ An(Dmf ),
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where the limit is in the operator norm topology, whose inverse is the noncommutative Berezin transform
B, i.e., χ(X) = BX [χ˜] for any X ∈ Dmf,rad(H). If Φ : A(Dmf,rad) → A(Dlg,rad) is a unital algebra
homomorphism, it induces a unique unital homomorphism Φ̂ : An(Dmf )→ Aq(Dlg) such that the diagram
An(Dmf )
Φ̂−−−−→ Aq(Dlg)yB yB
A(Dmf,rad)
Φ−−−−→ A(Dlg,rad)
is commutative, i.e., ΦB = BΦ̂, where B is the appropriate noncommutative Berezin transform on the
noncommutative domain algebra An(Dmf ) or Aq(Dlg) (see relation (1.6)). The homomorphisms Φ and Φ̂
uniquely determine each other by the formulas:
[Φ(χ)](X) = BX [Φ̂(χ˜)], χ ∈ A(Dmf,rad), X ∈ Dlg,rad(H), and
Φ̂(χ˜) = Φ˜(χ), χ˜ ∈ An(Dmf ).
We recall that Bih(Dmf ,D
l
g) stands for the set of all biholomorphic functions from D
m
f (H) onto Dlg(H),
i.e., all homeomorphisms ϕ : Dmf (H)→ Dlg(H) with the property that ϕ|Dmf,rad(H) and ϕ−1|Dlg,rad(H) are
free holomorphic functions. Let Φ be a unital completely isometric isomorphism from the noncommutative
domain algebra A(Dmf,rad) onto A(D
l
g,rad). Consider the closed operator systems in B(F
2(Hn)),
Sf := span{W (f)α W (f)β
∗
; α, β ∈ F+n } and Sg := span{W (g)α W (g)β
∗
; α, β ∈ F+q },
where (W
(f)
1 , . . . ,W
(f)
n ) and (W
(g)
1 , . . . ,W
(g)
q ) are the universal models of the noncommutative domains
Dmf and D
l
g, respectively. We say that Φ has completely contractive hereditary extension if the induced
isomorphism Φ̂ : An(Dmf ) → Aq(Dlg) has the property that the linear maps Φ̂∗ : Sf → Sg and (Φ̂−1)∗ :
Sg → Sf defined by
Φ̂∗
(
W (f)α W
(f)
β
∗)
:= Φ̂
(
W (f)α
)
Φ̂
(
W
(f)
β
)∗
, α, β ∈ F+n ,
and
(Φ̂−1)∗
(
W (g)α W
(g)
β
∗)
:= Φ̂−1
(
W (g)α
)
Φ̂−1
(
W
(g)
β
)∗
, α, β ∈ F+q ,
respectively, are completely contractive. Using an approximation argument, one can easily show that
Φ̂∗ ◦ (Φ̂−1)∗ = idSg and (Φ̂−1)∗ ◦ Φ̂∗ = idSf . Consequently, the map Φ̂∗ : Sf → Sg is a unital com-
pletely isometric linear isomorphism between operator systems, which extends the completely isometric
isomorphism Φ̂ : An(Dmf )→ Aq(Dlg).
Now, we are ready to prove the main result of this section. We show that the free biholomorphic
classification of the domains Dmf (H) is the same as the classification, up to unital completely isometric
isomorphisms having completely contractive hereditary extension, of the corresponding noncommutative
domain algebras A(Dmf,rad) ≃ An(Dmf ).
Theorem 5.1. Let f and g be positive regular free holomorphic functions with n and q indeterminates,
respectively, and let m, l ≥ 1. Then the following statements are equivalent:
(i) Ψ : A(Dmf,rad) → A(Dlg,rad) is a unital completely isometric isomorphism with completely con-
tractive hereditary extension;
(ii) there is ϕ ∈ Bih(Dlg,Dmf ) such that
Ψ(χ) = χ ◦ ϕ, χ ∈ A(Dmf,rad).
In this case, Ψ̂(χ˜) = Bϕ˜[χ˜], χ˜ ∈ An(Dmf ), where Bϕ˜ is the noncommutative Berezin transform at ϕ˜.
In the particular case when m = l = 1, any unital completely isometric isomorphism has completely
contractive hereditary extension.
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Proof. Let
∑
α∈F+n ,|α|≥1
aαXα be the representation of f . First we prove that (i) =⇒ (ii). Assume that
Ψ is a unital completely isometric isomorphism. Then, the induced map Ψ̂ : An(Dmf ) → Aq(Dlg) is a
completely isometric isomorphism. Denote
(5.1) ϕ˜i := Ψ̂(W
(f)
i ) ∈ Aq(Dlg), i = 1, . . . , n,
where W (f) := (W
(f)
1 , . . . ,W
(f)
n ) ∈ Dmf (F 2(Hn)) is the universal model of the noncommutative domain
Dmf . Since Φf,W (f)(I) ≤ I, we have Φf,rW (f)(I) =
∑∞
k=1
∑
|α|=k aαr
|α|W
(f)
α W
(f)
α
∗ ≤ I and Φf,rW (f)(I) ∈
Sf for any r ∈ [0, 1). Using relation (5.1) and the fact that Ψ̂ is a completely isometric homomorphism,
we deduce that 0 ≤ Φf,rϕ˜(I) ≤ I for r ∈ [0, 1), which proves that rϕ˜ := (rϕ˜1, . . . , rϕ˜n) ∈ D1f (F 2(Hn)).
Since D1f (F
2(Hn)) is closed in the operator norm topology, we deduce that ϕ˜ ∈ D1f (F 2(Hn)).
We recall (see Corollary 1.5 from [24]) that if ψ is a positive linear map on B(H) such that ψ(I) ≤ I
and (id− ψ)m(I) ≥ 0 for some m ∈ N, then
0 ≤ (id− ψ)m(I) ≤ (id− ψ)m−1(I) ≤ · · · ≤ (id− ψ)(I) ≤ I.
Since Dmf is a starlike domain, (rW1, . . . , rWn) ∈ Dmf (F 2(Hn)), i.e., (id− Φf,rW (f))m(I) ≥ 0. Using the
above-mentioned result in our setting, we have
0 ≤ (id− Φf,rW (f))s(I) =
s∑
p=0
(−1)p
(
s
p
)
Φp
f,rW (f)
(I) = I −
s∑
p=1
(−1)p+1
(
s
p
)
Φp
f,rW (f)
(I) ≤ I
for any s = 1, . . . ,m, which is equivalent to
(5.2) 0 ≤
s∑
p=1
(−1)p+1
(
s
p
)
Φp
f,rW (f)
(I) ≤ I, s = 1, . . . ,m.
Since
Φp
f,rW (f)
(I) =
∞∑
k=1
∑
|α|=k
aαr
|α|W (f)α Φ
p−1
f,rW (f)
(I)W (f)α
∗
and ‖Φp
f,rW (f)
(I)‖ ≤ 1 for any p ∈ N, it is clear that Φp
f,rW (f)
(I) ∈ Sf := span{W (f)α W (f)β
∗
; α, β ∈ F+n }.
Assume now that Ψ : A(Dmf,rad) → A(Dlg,rad) satisfies condition (i). Then, due to the considerations
above, relation (5.2) holds and implies∥∥∥∥∥
s∑
p=1
(−1)p+1
(
s
p
)
Φp
f,rW (f)
(I)
∥∥∥∥∥ ≤ 1.
Using relation (5.1) and the fact that Ψ̂∗ : Sf → Sg is a unital completely contractive linear map, we
deduce that ∥∥∥∥∥
s∑
p=1
(−1)p+1
(
s
p
)
Φpf,rϕ˜(I)
∥∥∥∥∥ ≤ 1, s = 1, . . . ,m.
Hence
∑s
p=1(−1)p+1
(
s
p
)
Φpf,rϕ˜(I) ≤ I and, consequently,
(id− Φf,rϕ˜)s(I) ≥ 0, s = 1, . . . ,m,
which shows that rϕ˜ := (rϕ˜1, . . . , rϕ˜n) ∈ Dmf (F 2(Hn)) for any r ∈ [0, 1). Since Dmf (F 2(Hn)) is closed
in the operator norm topology, we deduce that ϕ˜ := (ϕ˜1, . . . , ϕ˜n) is in the noncommutative domain
Dmf (F
2(Hn)).
Setting
ϕi(X) := BX [ϕ˜i], X ∈ Dlg,rad(H),
and due to Theorem 2.2, we deduce that the map ϕ(X) := (ϕ1(X), . . . , ϕn(X)) is a free holomorphic
function on Dlg,rad(H) with continuous extension to Dlg(H). This extension is also denoted by ϕ. On
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the other hand, since, for each s = 1, . . . ,m, (id − Φf,rϕ˜)s(I) is a positive operator in Sg and the
noncommutative Berezin transform BX on the operator system Sg is positive, we deduce that
(id− Φf,rϕ(X))s(I) = BX [(id− Φf,rϕ˜)s(I)] ≥ 0
for all s = 1, . . . ,m. Consequently, rϕ(X) ∈ Dmf (H) for r ∈ [0, 1). Since Dmf (H) is closed in the operator
norm topology, we deduce that ϕ(X) ∈ Dmf (H). Therefore, ϕ takes values in Dmf (H). Note also that due
to the properties of the noncommutative Berezin transform BX on the operator system Sg (see relation
(1.6)), we have
(5.3) ϕi(X) = BX [ϕ˜i], X ∈ Dlg(H).
Similarly, we set
(5.4) ξ˜i := Ψ̂
−1(W
(g)
i ) ∈ An(Dmf ), i = 1, . . . , q,
and deduce that ξ˜ := (ξ˜1, . . . , ξ˜q) is in D
l
g(F
2(Hn)). Now, if we define
ξi(X) := BX [ξ˜i], X ∈ Dmf,rad(H), i = 1, . . . , q,
then, using again Theorem 2.2, we obtain that the map ξ(X) := (ξ1(X), . . . , ξq(X)) is a free holomorphic
function on Dmf,rad(H) with values in Dlg(H) and continuous extension to Dmf (H), which we also denote
by ξ. Note that
(5.5) ξi(X) = BX [ξ˜i], X ∈ Dmf (H),
where BX is the noncommutative Berezin transform on the operator system Sf . Now, due to Theorem
2.2, each ξ˜i ∈ An(Dmf ), i = 1, . . . , q, has a unique Fourier representation
∑
α∈F+n
cαW
(f)
α such that
ξ˜i = lim
r→1
∞∑
k=0
∑
|α|=k
cαr
|α|W (f)α ,
where the limit is in the operator norm topology. Hence, using the continuity of Ψ̂ in the operator norm,
and relations (5.4) and (5.1), we obtain
W
(g)
i = Ψ̂(ξ˜i) = Ψ̂
 lim
r→1
∞∑
k=0
∑
|α|=k
cαr
|α|W (f)α

= lim
r→1
∞∑
k=0
∑
|α|=k
cαr
|α|Ψ̂(W (f)α ) = lim
r→1
∞∑
k=0
∑
|α|=k
cαr
|α|ϕ˜α.
Consequently, using the continuity in the operator norm of the noncommutative Berezin transform at
X ∈ Dlg(H) on the operator system Sg, and relations (5.3) and (5.5), we have
Xi = BX [W (g)i ] = BX
 lim
r→1
∞∑
k=0
∑
|α|=k
cαr
|α|ϕ˜α

= lim
r→1
∞∑
k=0
∑
|α|=k
cαr
|α|BX [ϕ˜α] = lim
r→1
∞∑
k=0
∑
|α|=k
cαr
|α|ϕα(X)
= lim
r→1
Bϕ(X)
 ∞∑
k=0
∑
|α|=k
cαr
|α|W (f)α

= Bϕ(X)[ξ˜i] = ξi(ϕ(X))
for each i = 1, . . . , q, and any X ∈ Dlg(H). Hence (ξ ◦ ϕ)(X) = X for all X ∈ Dlg(H). Similarly, one
can prove that (ϕ ◦ ξ)(X) = X for X ∈ Dmf (H). Therefore, ϕ : Dlg(H) → Dmf (H) is a homeomorphism
such that ϕ and ϕ−1 := ξ are free holomorphic functions on the noncommutative domains Dlg,rad(H) and
Dmf,rad(H), respectively. This shows that ϕ ∈ Bih(Dlg,Dmf ).
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Now let χ˜ ∈ An(Dmf ) have the Fourier representation
∑
α∈F+n
dαW
(f)
α . Then
χ˜ = lim
r→1
∞∑
k=0
∑
|α|=k
dαr
|α|W (f)α ,
where the limit is in the operator norm topology. According to Theorem 2.2, the map
(5.6) χ(X) := BX [χ˜], X ∈ Dmf (H),
is in the domain algebra A(Dmf,rad). Due to the continuity of the homomorphism Ψ̂ in the operator norm
and using relation (5.1), we have
Ψ̂(χ˜) = lim
r→1
∞∑
k=0
∑
|α|=k
dαr
|α|ϕ˜α.
Hence, using relations (5.3), (5.6), and applying the noncommutative Berezin transform at X ∈ Dlg(H)
on the operator system Sg and using its continuity in norm, we get
[Ψ(χ)](X) = BX [Ψ̂(χ˜)] = lim
r→1
∞∑
k=0
∑
|α|=k
dαr
|α|BX [ϕ˜α]
= lim
r→1
∞∑
k=0
∑
|α|=k
dαr
|α|ϕα(X)
= lim
r→1
Bϕ(X)
 ∞∑
k=0
∑
|α|=k
dαr
|α|W (f)α

= Bϕ(X)[χ˜] = (χ ◦ ϕ)(X)
for any X ∈ Dlg(H), which completes the proof of the implication (i) =⇒ (ii).
To prove that (ii) =⇒ (i), assume that ϕ ∈ Bih(Dlg,Dmf ) and define Ψ(χ) := χ◦ϕ for χ ∈ A(Dmf,rad).
First note that, due to Theorem 3.3, χ ◦ ϕ ∈ A(Dlg,rad) for all χ ∈ A(Dmf,rad), and Ψ is a well-defined
completely contractive homomorphism. A similar result can be deduced for the map Λ(χ) := χ ◦ ϕ−1,
χ ∈ A(Dlg,rad). Now, note that, for any χ ∈ A(Dmf,rad) and X ∈ Dmf (H), we have (Λ◦Ψ)(χ) = (χ◦ϕ)◦ϕ−1
and
[(χ ◦ ϕ) ◦ ϕ−1](X) = (χ ◦ ϕ)(ϕ−1(X)) = lim
r→1
χ(rϕ1(ϕ
−1(X)), . . . , rϕn(ϕ
−1(X)))
= lim
r→1
χ(rX1, . . . , rXn) = χ(X1, . . . , Xn),
where the convergence is in the operator norm topology. Hence, Λ ◦ Ψ = id. Similarly, we can show
that Ψ ◦ Λ = id. Since Ψ and Λ are completely contractive homomorphisms, we deduce that Ψ is
a completely isometric isomorphism. Moreover, since ϕ := (ϕ1, . . . , ϕn) ∈ Bih(Dlg,Dmf ), we can use
Theorem 2.2 and deduce that ϕ˜ := (ϕ˜1, . . . , ϕ˜n) ∈ Dmf (F 2(Hn)) and ϕ˜i ∈ Aq(Dlg). Consequently, using
the noncommutative von Neumann inequality (1.7), we deduce that the linear map
Sf ∋W (f)α W (f)β
∗ 7→ ϕ˜αϕ˜∗β ∈ Sg, α, β ∈ F+n ,
is completely contractive. A similar result can be deduced for ϕ−1. Therefore, Ψ has completely con-
tractive hereditary extension, and item (i) holds. Moreover, due to Theorem 3.3, we have Ψ̂(χ˜) = Bϕ˜[χ˜],
χ˜ ∈ An(Dmf ), where Bϕ˜ is the noncommutative Berezin transform at ϕ˜.
Now, we consider the particular case when m = l = 1. Let Ψ̂ : An(D1f ) → Aq(D1g) be a com-
pletely isometric isomorphism. Then, we showed at the beginning of this proof that ϕ˜ := (ϕ˜1, . . . , ϕ˜n) ∈
D1f (F
2(Hn)), where ϕ˜i are given by relation (5.1). Similarly, we deduce that ξ˜ := (ξ˜1, . . . , ξ˜q) is in
D1g(F
2(Hn)), where ξ˜i are given by relation (5.4). As above, using the noncommutative von Neumann
inequality (1.7), we deduce that Ψ has unital completely contractive hereditary extension, which com-
pletes the proof. 
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Corollary 5.2. Let f and g be positive regular free holomorphic functions with n and q indeterminates,
respectively. Then the noncommutative domains D1f (H) and D1g(H) are free biholomorphic equivalent if
and only if the domain algebras An(D1f ) and Aq(D1g) are completely isometrically isomorphic.
Let us consider an example. In [2], Arias and Latre´molie`re showed that if ω := X1 + X2 + X1X2
and ξ := X1 +X2 +
1
2 (X1X2 +X2X1), then the noncommutative domain algebras A2(D1ω) and A2(D1ξ)
are not completely isometrically isomorphic. Therefore, according to Corollary 5.2 the noncommutative
domains D1ω(H) and D1ξ(H) are not free biholomorphic equivalent.
Now, using Theorem 4.3, Corollary 5.2, and Arias-Latre´molie`re characterization of the noncommutative
disc algebra An (see Theorem 4.7 from [2]), we deduce the following classification result.
Corollary 5.3. Let g be a positive regular free holomorphic function with q indeterminates. Then the
noncommutative domain D1g(H) is biholomorphic equivalent to the unit ball [B(H)n]1 if and only if q = n
and g = c1X1 + · · ·+ cnXn for some ci > 0.
Proof. Let p := X1 + · · · +Xn and recall that D1p(H) = [B(H)n]1. Due to Theorem 4.3 and Corollary
5.2, D1g(H) is free biholomorphic equivalent to the unit ball [B(H)n]1 if and only if q = n and the domain
algebras An and An(Dlg) are completely isometrically isomorphic. Applying Arias-Latre´molie`re result,
the result follows. The converse is obvious by rescaling. 
Corollary 5.4. Let f and g be positive regular free holomorphic functions with n and q indetermi-
nates, respectively. Let Ψ : A(Dmf,rad) → A(Dlg,rad) be a unital algebra homomorphism. Then Ψ is a
unital completely isometric isomorphism having completely contractive hereditary extension if and only
if Ψ is a continuous homeomorphism such that the n-tuples of operators (Ψˆ(W
(f)
1 ), . . . , Ψˆ(W
(f)
n )) and
(Ψˆ−1(W
(g)
1 ), . . . , Ψˆ
−1(W
(g)
q )) are in Dmf (F
2(Hn)) and D
l
g(F
2(Hq)), respectively.
Proof. The direct implication follows from the proof of Theorem 5.1. Conversely, assume that Ψ is a
continuous homeomorphism such that (Ψˆ(W
(f)
1 ), . . . , Ψˆ(W
(f)
n )) is in Dmf (F
2(Hn)). Due to the noncom-
mutative von Neumann inequality (see (1.7)), we have
‖[Ψˆ(pij(W (f)1 , . . . ,W (f)n ))]k×k‖ = ‖[pij(Ψˆ(W (f)1 ), . . . , Ψˆ(W (f)n )]k×k‖ ≤ ‖[pij(W (f)1 , . . . ,W (f)n )]k×k‖
for any operator matrix [pij(W
(f)
1 , . . . ,W
(f)
n )]k×k ∈ An(Dmf ) ⊗ Mk×k and k ≥ 1. Since Ψˆ is contin-
uous on An(Dmf ), which is the norm closed algebra generated by W (f)1 , . . . ,W (f)n and the identity, we
deduce that Ψˆ : An(Dmf ) → Aq(Dlg) is a unital completely contractive homomorphism. Similarly, if
(Ψˆ−1(W
(g)
1 ), . . . , Ψˆ
−1(W
(g)
q )) is in Dlg(F
2(Hq)), we can prove that Ψˆ
−1 is a unital completely contractive
homomorphism. Therefore, Ψˆ is a complete isometry. Moreover, using the noncommutative von Neu-
mann inequality (1.7), we deduce that Ψ has completely contractive hereditary extension, and complete
the proof. 
We denote by Aut(Dmf ) := Bih(D
m
f ,D
m
f ) the automorphism group of D
m
f (H). The group of all
unital completely isometric automorphisms of the noncommutative domain algebra A(Dmf,rad) is denoted
by Autci(A(D
m
f,rad)). We also use the notation Aut
∗
ci(A(D
m
f,rad)) for the set of all automorphisms Ψ ∈
Autci(A(D
m
f,rad)) having completely contractive hereditary extension.
Corollary 5.5. Let f be a positive regular free holomorphic function with n indeterminates, and let
m ≥ 1. Then the following statements are equivalent:
(i) Ψ ∈ Aut∗ci(A(Dmf,rad));
(ii) there is ϕ ∈ Aut(Dmf ) such that
Ψ(χ) = χ ◦ ϕ, χ ∈ A(Dmf,rad).
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Consequently, Aut∗ci(A(D
m
f,rad)) is a subgroup of Autci(A(D
m
f,rad)) and
Aut∗ci(A(D
m
f,rad)) ≃ Aut(Dmf ).
In the particular case when m = 1,
Aut∗ci(A(D
1
f,rad)) = Autci(A(D
1
f,rad)) ≃ Aut(D1f ).
We mention that in the particular case when m = 1 and f = X1 + · · · + Xn, Corollary 5.5 was
obtained in [30] using different methods. In addition, we used the theory of characteristic functions for
row contractions (see [18]) to determine the group Aut[B(H)n]1) of all free holomorphic automorphisms
of [B(H)n]1. It was shown that Aut([B(H)n]1) ≃ Aut(Bn), the Moebius group of the open unit ball
Bn := {λ ∈ Cn : ‖λ‖2 < 1}.
If Ψ : A(Dmf,rad) → A(Dlg,rad) is a unital completely isometric isomorphism having completely con-
tractive hereditary extension, then due to Theorem 5.1, Ψ(χ) = χ ◦ ϕ, χ ∈ A(Dmf,rad), for some
ϕ ∈ Bih(Dlg,Dmf ). In this case, we call ϕ the symbol of Ψ. Using Theorem 4.5 and Theorem 5.1,
we can deduce the following result.
Theorem 5.6. Let f and g be positive regular free holomorphic functions with n and q indeterminates,
respectively. A map Ψ : A(Dmf,rad) → A(Dlg,rad) is a unital completely isometric isomorphism having
completely contractive hereditary extension and such that its symbol ϕ fixes the origin if and only if n = q
and Ψ is given by
Ψ(χ) = χ ◦ ϕ, χ ∈ A(Dmf,rad),
for some ϕ ∈ Bih(Dlg,Dmf ) of the form
ϕ(X1, . . . Xn) = [X1, . . . , Xn]U, (X1, . . . , Xn) ∈ Dlg,rad(H),
where U is an invertible operator on Cn such that
[W
(g)
1 , . . . ,W
(g)
n ]U ∈ Dmf (F 2(Hn)) and [W (f)1 , . . . ,W (f)n ]U−1 ∈ Dlg(F 2(Hn)).
In this case, we have
[Ψ̂(W
(f)
1 ), . . . , Ψ̂(W
(f)
n )] = ϕ˜ = [W
(g)
1 , . . . ,W
(g)
n ]U.
We mention that, in the particular case when m = l = 1, Arias and Latre´molie`re proved (see Theorem
3.18 from [2]) that if there is an completely isometric isomorphism between two noncommutative domain
algebras An(D1f ) and An(D1g) whose dual map fixes the origin, then the algebras are related by a linear
relation of their generators. Our Theorem 5.6 implies and strengthens their result and also provides a
converse.
6. Isomorphisms of noncommutative Hardy algebras
In this section we characterize the unitarily implemented isomorphisms of noncommutative Hardy
algebras associated with noncommutative domains. Similar results are deduced for noncommutative
domain algebras.
Let f and g be positive regular free holomorphic functions with n and q indeterminates, respectively,
and let m, l ≥ 1. According to Theorem 2.1, there is a unital completely isometric isomorphism
H∞(Dmf,rad) ∋ χ 7→ χ˜ := SOT- lim
r→1
χ(rW1, . . . , rWn) ∈ F∞n (Dmf ),
where the limit is in the strong operator topology, whose inverse is the noncommutative Berezin transform
B, i.e., χ(X) = BX [χ˜] for X ∈ Dmf,rad(H). If Ψ : H∞(Dmf,rad)→ H∞(Dlg,rad) is a unital homomorphism,
it induces a unique unital homomorphism Ψ̂ : F∞n (D
m
f )→ F∞q (Dlg) such that the diagram
F∞n (D
m
f )
Ψ̂−−−−→ F∞q (Dlg)yB yB
H∞(Dmf,rad)
Ψ−−−−→ H∞(Dlg,rad)
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is commutative, i.e., ΨB = BΨ̂, where B is the appropriate noncommutative Berezin transform on the
Hardy space F∞n (D
m
f ) or F
∞
q (D
l
g). The homomorphisms Ψ and Ψ̂ uniquely determine each other by the
formulas:
[Ψ(χ)](X) = BX [Ψ̂(χ˜)], χ ∈ H∞(Dmf,rad), X ∈ Dlg,rad(H), and
Ψ̂(χ˜) = Ψ˜(χ), χ˜ ∈ F∞n (Dmf ).
If Ψ̂ is is a SOT-continuous homomorphism, we say that Ψ has the same property.
A bijective map F : Dmf,rad(H) → Dlg,rad(H) is called free biholomorphic function if F and F−1 are
free holomorphic functions on Dmf,rad(H) and Dlg,rad(H), respectively. We denote by Bih(Dlg,rad,Dmf,rad)
the set of all free biholomorphic functions from Dlg,rad(H) onto Dmf,rad(H). Note the difference between
Bih(Dlg,rad,D
m
f,rad) and Bih(D
l
g,D
m
f ).
Theorem 6.1. Let f and g be positive regular free holomorphic functions with n and q indeterminates,
respectively. If ψ ∈ Bih(Dlg,rad,Dmf,rad), then the map
Ψ(χ) := χ ◦ ψ, χ ∈ H∞(Dmf,rad),
is a completely isometric isomorphism from the Hardy algebra H∞(Dmf,rad) onto H
∞(Dlg,rad). If, in
addition, the model boundary function ψ˜ is a pure n-tuple, then Ψ is sequentially SOT-continuous.
In particular, if ψ ∈ Bih(Dlg,Dmf,) and ψ(0) = 0, then Ψ is a completely isometric isomorphism and
has the form mentioned in Theorem 5.6.
Proof. Using Theorem 3.2, we deduce that χ ◦ ψ ∈ H∞(Dlg,rad) and ‖χ ◦ ψ‖∞ ≤ ‖χ‖∞. Moreover,
passing to matrices, we can similarly show that Ψ is a completely contractive homomorphism. In the
same manner, one can prove that the map Γ(χ) := χ ◦ ψ−1 is a completely contractive homomorphism
from H∞(Dlg,rad) to H
∞(Dmf,rad). Let χ ∈ H∞(Dmf,rad) have the representation
∑∞
k=0
∑
|α|=k cαZα, and
fix X := (X1, . . . , Xn) ∈ Dmf,rad(H). Since ψ−1(X) ∈ Dmg,rad(H) and ψ(Dlg,rad(H)) ⊂ Dmf,rad(H) we
deduce that
(χ ◦ ψ)(ψ−1(X)) =
∞∑
k=0
∑
|α|=k
cαψα(ψ
−1(X)),
where the convergence is in the operator norm topology. Since ψ ∈ Bih(Dlg,rad,Dmf,rad), we have
ψi(ψ
−1(X)) = Xi, i = 1, . . . , n, and, therefore, ψα(ψ
−1(X)) = Xα for α ∈ F+n . Consequently, (Γ◦Ψ)(χ) =
χ for any χ ∈ H∞(Dmf,rad). Similarly, one can prove that Φ ◦ Γ = id. Summing up, we conclude that the
map Ψ is a completely isometric isomorphism of noncommutative Hardy algebras.
If, in addition, we assume that ψ˜ is a pure n-tuple, then, according to Theorem 3.5, we have
Ψ̂(χ˜) = Ψ˜(χ) = χ˜ ◦ ψ = Bψ˜[χ˜] = K
(m)
ψ˜,f
∗
[χ˜⊗ IF 2(Hn)]K(m)ψ˜,f ,
where Bψ˜ is the noncommutative Berezin transform at the pure n-tuple ψ˜ (see relation (2.1)). Conse-
quently, Ψ is SOT-continuous on bounded sets.
Now, we prove the last part of the theorem. According to Theorem 4.5, if ψ ∈ Bih(Dlg,Dmf,) and
ψ(0) = 0, then n = q and ψ has the form
ψ(X1, . . . , Xn) = [X1, . . . , Xn]U, (X1, . . . , Xn) ∈ Dlg(H),
where U is an invertible operator on Cn such that
[W
(g)
1 , . . . ,W
(g)
n ]U ∈ Dmf (F 2(Hn)) and [W (f)1 , . . . ,W (f)n ]U−1 ∈ Dlg(F 2(Hn)).
Hence, it is obvious that we have ψ(rW
(g)
1 , . . . , rW
(g)
n ) = rψ(W
(g)
1 , . . . ,W
(g)
n ) ∈ Dmf,rad(F 2(Hn)) and
ψ−1(rW
(f)
1 , . . . , rW
(f)
n ) = rψ−1(W
(f)
1 , . . . ,W
(f)
n ) ∈ Dlg,rad(F 2(Hn)) for any r ∈ [0, 1). Due to Lemma
3.1, we deduce that ψ(Dlg,rad) ⊆ Dmf,rad and ψ−1(Dmf,rad) ⊆ Dlg,rad. Therefore, ψ ∈ Bih(Dlg,rad,Dmf,rad).
Applying the first part of this theorem, we complete the proof. 
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We introduce now the set Bih(Dlg,pure,D
m
f,pure) of all bijections ϕ : D
l
g,pure(H)→ Dmf,pure(H) such that
ϕ|
D
l
g,rad(H)
and ϕ−1|Dm
f,rad(H)
are pure free holomorphic functions, i.e., their model boundary functions
are pure, and ϕ and ϕ−1 are their radial extensions in the strong operator topology, respectively, i.e.,
ϕ(X) = SOT- lim
r→1
ϕ(rX), X ∈ Dlg,pure(H),
and
ϕ−1(X) = SOT- lim
r→1
ϕ−1(rX), X ∈ Dmf,pure(H).
Theorem 6.2. Let f and g be positive regular free holomorphic functions with n and q indeterminates,
respectively. A map Ψ : H∞(Dmf,rad)→ H∞(Dlg,rad) is a unitarily implemented isomorphism if and only
if it has the form
Ψ(χ) := χ ◦ ϕ, χ ∈ H∞(Dmf,rad),
for some ϕ ∈ Bih(Dlg,pure,Dmf,pure) with the property that ϕ˜ is unitarily equivalent to the universal model
(W
(f)
1 , . . . ,W
(f)
n ) associated with Dmf . In this case,
Ψ̂(χ˜) = Bϕ˜[χ˜] := K(m)f,ϕ˜
∗
(χ˜⊗ IDf,m,ϕ˜)K(m)f,ϕ˜ , χ˜ ∈ F∞n (Dmf ),
where the noncommutative Berezin kernel K
(m)
f,ϕ˜ is a unitary operator and dimDf,m,ϕ˜ = 1.
Proof. Assume that the induced map Ψ̂ : F∞n (D
m
f )→ F∞q (Dlg) is a unitarily implemented isomorphism.
Then, there is a unitary operator U ∈ B(F 2(Hq), F 2(Hn)) such that Ψ̂(χ˜) = U∗χ˜U ∈ F∞q (Dlg) for all
χ˜ ∈ F∞n (Dmf ). Denote
(6.1) ϕ˜i := Ψ̂(W
(f)
i ) ∈ F∞q (Dlg), i = 1, . . . , n.
Since ϕ˜ := (ϕ˜1, . . . , ϕ˜n) is unitarily equivalent to (W
(f)
1 , . . . ,W
(f)
n ), which is a pure n-tuple in the non-
commutative domain Dmf (F
2(Hn)), so is the n-tuple ϕ˜. Setting
(6.2) ϕi(X) := BX [ϕ˜i], X ∈ Dlq,pure(H),
and due to Theorem 2.1 and Lemma 3.4, the map ϕ(X) := (ϕ1(X), . . . , ϕn(X)) is a bounded free
holomorphic function on Dlg,rad(H) with values in Dmf,pure(H). Moreover, due to the properties of the
noncommutative Berezin transform (see (2.1)), we have ϕ(X) = SOT- limr→1 ϕ(rX) for X ∈ Dlg,pure(H).
Similarly, we set
(6.3) ξ˜i := Ψ̂
−1(W
(g)
i ) ∈ F∞n (Dmf ), i = 1, . . . , q,
and using the fact that Ψ̂−1 : F∞q (D
l
g)→ F∞n (Dmf ) is given by Ψ̂−1(ζ˜) = Uζ˜U∗, ζ˜ ∈ F∞q (Dlg), we deduce
that ξ˜ := (ξ˜1, . . . , ξ˜q) is a pure q-tuple in D
l
g(F
2(Hn)). Now, if we define
(6.4) ξi(X) := BX [ξ˜i], X ∈ Dmf,pure(H), i = 1, . . . , q,
then, using again Theorem 2.1 and Lemma 3.4, we obtain that the map ξ(X) := (ξ1(X), . . . , ξn(X))
is a bounded free holomorphic function on Dmf,rad(H) with values in Dlg,pure(H) and has the property
that ξ(X) = SOT- limr→1 ξ(rX) for X ∈ Dmf,pure(H). Now, due to Theorem 2.1, each ξ˜i ∈ F∞n (Dmf ),
i = 1, . . . , q, has a unique Fourier representation
∑
α∈F+n
cαW
(f)
α such that
(6.5) ξ˜i = SOT- lim
r→1
∞∑
k=0
∑
|α|=k
cαr
|α|W (f)α ,
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where the limit is in the strong operator topology. Hence, using the continuity of Ψ̂ in the strong operator
topology, and relations (6.1) and (6.3), we obtain
W
(g)
i = Ψ̂(ξ˜i) = Ψ̂
SOT- lim
r→1
∞∑
k=0
∑
|α|=k
cαr
|α|W (f)α

= SOT- lim
r→1
∞∑
k=0
∑
|α|=k
cαr
|α|Ψ̂(W (f)α ) = SOT- lim
r→1
∞∑
k=0
∑
|α|=k
cαr
|α|ϕ˜α,
for any i = 1, . . . , q. Consequently, applying the noncommutative Berezin transform at X ∈ Dlg,pure(H)
on the Hardy algebra F∞q (D
l
g), using its continuity in the strong operator topology on bounded sets and
relations (6.2), (6.5), (6.4), we have
Xi = BX [W (g)i ] = BX
SOT- lim
r→1
∞∑
k=0
∑
|α|=k
cαr
|α|ϕ˜α

= SOT- lim
r→1
∞∑
k=0
∑
|α|=k
cαr
|α|BX [ϕ˜α] = SOT- lim
r→1
∞∑
k=0
∑
|α|=k
cαr
|α|ϕα(X)
= SOT- lim
r→1
Bϕ(X)
 ∞∑
k=0
∑
|α|=k
cαr
|α|W (f)α

= Bϕ(X)[ξ˜] = ξi(ϕ(X))
for each i = 1, . . . , q, and any X ∈ Dlg,pure(H). Hence (ξ ◦ϕ)(X) = X for X ∈ Dlg,pure(H). Similarly, one
can prove that (ϕ◦ξ)(X) = X forX ∈ Dmf,pure(H). Consequently, ϕ : Dlg,pure(H)→ Dmf,pure(H) is a bijec-
tion such that ϕ and ϕ−1 := ξ are free holomorphic functions on the noncommutative domain Dlg,rad(H)
and Dmf,rad(H), respectively, and have the required properties. Therefore, ϕ ∈ Bih(Dlg,pure,Dmf,pure).
Let χ˜ ∈ F∞n (Dmf ) have the representation
∑
α∈F+n
dαW
(f)
α . Then χ˜ = SOT- lim
r→1
∞∑
k=0
∑
|α|=k dαr
|α|W
(f)
α .
Due to relation (6.1) and the continuity of Ψ̂ in the strong operator topology, we have
Ψ̂(χ˜) = SOT- lim
r→1
∞∑
k=0
∑
|α|=k
dαr
|α|ϕ˜α.
Consequently, applying the noncommutative Berezin transform at X ∈ Dlg,pure(H), using its SOT-
continuity on bounded sets, and relation (6.2), we get
[Ψ(χ)](X) = BX [Ψ̂(χ˜)] = SOT- lim
r→1
∞∑
k=0
∑
|α|=k
dαr
|α|BX [ϕ˜α]
= SOT- lim
r→1
∞∑
k=0
∑
|α|=k
dαr
|α|ϕα(X)
= SOT- lim
r→1
Bϕ(X)
 ∞∑
k=0
∑
|α|=k
dαr
|α|W (f)α

= Bϕ(X)[χ˜] = (χ ◦ ϕ)(X)
for any X ∈ Dlg,pure(H), which proves the direct implication of the theorem.
Conversely, assume that ϕ ∈ Bih(Dlg,pure,Dmf,pure) and ϕ˜ is unitarily equivalent to the universal
model W (f) := (W
(f)
1 , . . . ,W
(f)
n ). Define Ψ(χ) := χ ◦ ϕ, χ ∈ H∞(Dmf,rad). First note that, due to
Theorem 3.5, χ ◦ϕ ∈ H∞(Dlg,rad) for all χ ∈ H∞(Dmf,rad), and Ψ is a well-defined completely contractive
38 GELU POPESCU
homomorphism. A similar result can be obtained for the map Λ(ζ) := ζ ◦ ϕ−1, ζ ∈ H∞(Dlg,rad). Now,
for any χ ∈ H∞(Dmf,rad) and X ∈ Dmf,pure(H), we have (Λ ◦Ψ)(χ) = (χ ◦ ϕ) ◦ ϕ−1 and
[(χ ◦ ϕ) ◦ ϕ−1](X) = (χ ◦ ϕ)(ϕ−1(X)) = SOT- lim
r→1
χ(rϕ1(ϕ
−1(X)), . . . , rϕn(ϕ
−1(X)))
= SOT- lim
r→1
χ(rX1, . . . , rXn) = χ(X1, . . . , Xn).
Hence, Λ ◦Ψ = id. Similarly, we can show that Ψ ◦ Λ = id and deduce that Ψ is a completely isometric
isomorphism. Due to Theorem 3.5, we have
(6.6) Ψ̂(χ˜) = χ˜ ◦ ϕ = Bϕ˜[χ˜] = K(m)f,ϕ˜
∗
(χ˜⊗ IDf,m,ϕ˜)K(m)f,ϕ˜ , χ˜ ∈ F∞n (Dmf ).
Now, we show that the Berezin kernel K
(m)
f,ϕ˜ is a unitary operator. Recall that the noncommutative
Berezin kernel K
(m)
f,W (f)
: F 2(Hn)→ F 2(Hn)⊗Df,m,W (f) is defined by
K
(m)
f,W (f)
ℓ =
∑
α∈F+n
√
b
(m)
α eα ⊗∆f,m,W (f)W (f)α
∗
ℓ, ℓ ∈ F 2(Hn),
where Df,m,W (f) := ∆f,m,W (f)(F 2(Hn)). Since ∆2f,m,W (f) =
(
id− Φf,W (f)
)m
(I) = PC (see Section 1),
we deduce that dimDf,m,W (f) = 1, so that we can identify the space Df,m,W (f) with C. Under this
identification and using relation (1.4), simple computations reveal that K
(m)
f,W (f)
= IF 2(Hn). Since ϕ˜
is unitarily equivalent to the universal model W (f) := (W
(f)
1 , . . . ,W
(f)
n ), one can easily see that the
Berezin kernel K
(m)
f,ϕ˜ is a unitary operator. Therefore, due to relation (6.6), Ψ̂ is a unitarily implemented
isomorphism. The proof is complete. 
We remark that when m = 1, we can use the functional model for pure n-tuples of operators in
D1f (H) in terms of characteristic functions (see Theorem 3.26 from [29]), to deduce that ϕ˜ is unitarily
equivalent to the universal model W (f) := (W
(f)
1 , . . . ,W
(f)
n ) if and only if ϕ˜ is a pure n-tuple, i.e.,
SOT- limk→∞ Φ
k
f,ϕ˜(I) = 0, with rank [I − Φf,ϕ˜(I)] = 1 and the characteristic function Θϕ˜ = 0.
The group of all unitarily implemented automorphisms of the Hardy algebra H∞(Dmf,rad) is denoted
by Autu(H
∞(Dmf,rad)). Let Autw(D
m
f,pure) be the set of all ϕ ∈ Bih(Dmf,pure,Dmf,pure) such that ϕ˜ is
unitarily equivalent to the universal model W (f) := (W
(f)
1 , . . . ,W
(f)
n ). Using Theorem 2.1 and some
results concerning the composition of pure free holomorphic functions (see Lemma 3.4 and Theorem 3.5),
one can easily show that Autw(D
m
f,pure)) is a group with respect to the composition. As a consequence
of Theorem 6.2, we deduce that
Autu(H
∞(Dmf,rad)) ≃ Autw(Dmf,pure).
A closer look at Theorem 6.2 reveals that one can easily obtain a version of it for noncommutative
domain algebras. In this case, ϕ ∈ Bihw(Dlg,Dmf ), the set of all ψ ∈ Bih(Dlg,Dmf ) such that ψ˜ is
unitarily equivalent to the universal model W (f) := (W
(f)
1 , . . . ,W
(f)
n ). The proof is basically the same
but uses some parts from the proof of Theorem 5.1. Setting Autw(D
m
f )) := Bihw(D
m
f ,D
m
f ), we can
deduce that
Autu(A(D
m
f,rad)) ≃ Autw(Dmf ).
Note that due to our remark above, when m = 1, the group Autw(D
1
f ) consists of all free biholomorphic
functions ϕ ∈ Aut(D1f ) with the property that the model boundary function ϕ˜ is a pure n-tuple with
rank [I − Φf,ϕ˜(I)] = 1 and the characteristic function Θϕ˜ = 0.
We mention that in the particular case when m = 1 and f = X1 + · · · +Xn we have a more precise
result. Davidson and Pitts ([7]) used Voiculescu’s ([35]) group of automorphisms of the Cuntz-Toeplitz
algebra C∗(S1, . . . , Sn) ([6]), to show (among other things) that the subgroup Autu(F
∞
n ) of unitarily
implemented automorphisms of the noncommutative analytic Toeplitz algebra F∞n is isomorphic with
Aut(Bn). In [30], we obtained a new proof of their result, using noncommutative Poisson transforms [21],
and showed that the unitarily implemented automorphisms of the noncommutative disc algebra An and
FREE BIHOLOMORPHIC CLASSIFICATION OF NONCOMMUTATIVE DOMAINS 39
the algebra F∞n , respectively, are determined by the free holomorphic automorphisms of [B(H)n]1, via
the noncommutative Poisson transform. According to [7] and [30], we have
Aut([B(H)n]1) ≃ Aut(Bn) ≃ Autu(An) ≃ Autu(F∞n ).
We remark here that the conformal automorphisms of Bn also occur in the work of Muhly and Solel
([15]) concerning the automorphisms of Hardy algebras associated with W ∗-correspondence over von
Neumann algebras ([13], [14]).
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